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 The category of fracture 
Fracture is the separation of an object or material into two or more pieces under the action of 
stress, a completely one-off irreversible phenomenon. Besides, fracture is not only influenced by the 
internal defects but also the various external conditions, such as specimen shape, size, load mode, 
external environment (oxygen, ozone, ultraviolet light), and viscoelasticity of polymeric materials. In 
the case of polymeric materials, the tensile deformation leads to a large-scale structural transformation 
from isotropic spherulite to highly oriented morphologies until break. The fracture behavior of 
polymer materials is classified as follows:1) brittle fracture, 2) ductile fracture, 3) creep fracture, 4) 
fatigue fracture [1]. In addition, fatigue fracture, creep fracture and the fracture under the influence of 
chemical and environmental drug are characterized as a function of time. Brittle fracture and ductile 
fracture are related with the time according to the tensile speed. The time dependence is strongly 
related with the viscoelastic nature of polymeric materials. Therefore, engineering polymeric materials 
undergo only two types of fracture modes: brittle and ductile fracture. Brittle fracture is the fracture 
without any plastic deformation, occurred during initial deformation in the pre-yielding, with low 
amount of energy strain required. While in actual, it also can be regarded as brittle fracture if plastic 
deformation such as necking and yielding with obvious area by naked eye does not occur [2–4]. Nitta 
et al found that high density PE materials are broken in a brittle fashion at higher strain rate and lower 
temperatures but show a clear yield peak. In this case, we call here it the semi-brittle[5]. In addition, 
the effect of the increase in the crystallinity on the fracture behavior was confirmed to be similar with 
the effect of the decrease in temperature [6]. Ductile fracture can be divided into three stages: (1) void 
initiation, (2) void propagation, and (3) void coalescence accompanied with the phenomenon of 
yielding, necking and strain-hardening in axial tensile stress-strain curve [7–10]. Besides, ductile 
fracture takes place after extensive permanent or plastic deformation, slowing the fracture process, 
requiring high amount of energy strain, not resulting in catastrophic disaster. 
In general, there are three standard conventions for defining relative displacements in order to 
enable a crack to propagate [11] as shown in Fig. 1-1. In practical situations, although these fracture 
modes, which are completely independent, coexists in any deformation condition. In the experimental 
case, only one type of the modes is reserved. 
Mode I crack: Tearing mode, which refers to the applies shear stress out of plane. Applied shear 
stress is parallel to the leading edge of the crack. 




Mode II crack: Opening mode, which refers to the applied tensile stress normal to the plane of 
the crack. 
Mode III crack: Sliding mode (shear mode), which refers to the applied shear stress in the in-
plane direction. The shear stress applied normal to the leading edge of the crack but in the plane of the 
crack.  
 
Fig.1- 1: Different loading modes 
 
The present study limited to the uniaxial tensile deformation so that the sliding mode (mode II) 
is considered to dominantly occur in the fracture process.  
 
 Random fluctuation and material reliability 
There exists wide and inconsistent scatter in fracture stress and strain even though the tests are 
performed under identical test conditions such as the sample shape, temperature, and tensile speed 
[12–15]. In addition, the fluctuation does not shrink as the test is repeated many times. This fact reveals 
that the fluctuation of fracture points is not caused by some experimental errors and is the intrinsic 
characteristics (This will be dealt with in the fourth chapter about the tensile deformation under 
variable tensile conditions.) It is of pretty importance to characterize the fracture data scattering 
because the scattering dada of strength is indispensable for estimating the materials reliability and 




lifetime and their ultimate properties are requested to be far superior to the distribution of the external 
stress without overlapping. Therefore, in order to ensure the reliability of polymeric materials in any 
engineering area, we usually introduce a safety factor into the averaged strength values instead of the 
deviation in stress at break. The safety factor is a ratio of absolute strength (maximum stress withstood 
by an object) to actual applied load[16,17], varying depending on the variations of the load, geometry, 
location of structural element, material species, application area, even various standard in different 
countries and so on. Furthermore, the safety factor is calculated based on the average value of the 
intended load, rather than the distribution of the intended load. The material will lose the stability of 
mechanical properties and structure characteristics if the fracture behavior distribution with 
overlapping with the external loads in actual environment [18]. In other words, when a product will 
be designed or assessed, we have to concern about the fracture distribution of the selected material 
and make it to meet or exceed reliability under the lowest possible total cost. Therefore, the safety 
factor has been designed to be large, the designed resistant strength is much stronger than the needed 
for normal usage to allow for emergency situations, unexpected loads, misuse, or degradation. For 
instance, buildings commonly use safety factor of 2.0 for each structural member, pressure vessels use 
3.5-4.0, automobiles use 3.0, and aircraft and spacecraft use 1.2-3.0 depending on the application and 
materials [16]. Thus, it is obvious that if the distribution characteristics of the fracture behavior 
(absolute strength) of a material or a structure can be quantified, the safety factor value can be 
accurately calculated, not just depending on the empirical data when the material or the structure can 
be applied safely at least cost at the same time. 
The higher of the safety factor, the less properties of the material can be extensively utilized. To 
achieve the biggest economic benefit, it is quite vital to have a good knowledge about the material 
reliability. Sample lifetime and performance issues play a pretty crucial role with the material 
reliability. To improve the material reliability, we should focus on researching the fracture behavior 
which including the fracture time, fracture strength, fracture toughness.  
Consequently, to strike a proper balance for the materials properties and safety condition, limit 
the fracture behavior to those which reduce the probability of failure to an acceptable low level, it is 
very important to evaluate the fracture behavior in the view of statistical analysis.  
 
 Historical survey of fracture behavior-Macroscopic view 
 
The Weibull distribution function [19] with a flexible two-parameter analytic formula has widely 
employed to describe quite a lot of fracture distribution data in particular for brittle fracture. In the 
meanwhile, the normal or Gaussian distribution is considered as empirical one on an equal footing 




with other distribution functions [19]. However, for a small sample sizes, it is difficult to distinguish 
between the Weibull and normal distributions. Moreover, numbers of researchers advocate that 
fracture behavior especially for the brittle material, is primarily affected by fracture strength, and by 
now amount of statistical analysis on strength have been extremely focused on. It can be verified 
according to the previous researches in the past.  
In 1880, Chaplin has mentioned the probability of positive and negative variation from the 
average value for the strength of the individual specimens (law of errors), and also explained the 
relation between the tensile strength of long and short bars by annealed wire of Japanese copper [20]. 
In 1920, Griffith assumed that large amount of inherent defects exists essentially in almost materials 
in order to explain the facts that fracture strength is always lower than theoretical cohesive strength. 
According to Griffith`s theory, the discrepancy between theoretical strength and actual one is caused 
by stress concentration due to the inherent defects in brittle materials, leading to implies lower the 
fracture strength values of the actual materials [21].Griffith’s equation can be expressed as 
below: σ𝑐 = √
2𝐸𝛾
𝜋𝑎
 ,where, E is young’s modulus, γ is the necessary energy to generate the new 
surface, 2𝑎 is crack length. Griffith’s original theory dealt with very brittle materials like brittle 
fracture such as metal, ceramic, grass, grass polymer and fiber. When the material exhibits more 
ductility, consideration of the surface energy alone failing to provide an accurate model for future 
independently by Irwin [22]and Orown[23], plastic flow in the material near the crack tip is allowed 
by the inclusion of a term γ𝑝 which referred to plastic work required to extend the crack wall. The 










. The surface energy term 
can be neglected since estimation of the plastic work term are about 102 to 103 J/m2 compared with 
value of 𝛾𝑠 of about 1 to 2 J/m
2. Therefore, polymer material will break up after amount of plastic 
deformation accompanied with craze or shear yield phenomenon. The appearance of craze in the 
vicinity of the crack lip can be explained by the plastic deformation rather than the surface energy 
according to the Griffith- Irwin-Orowan formula.  
The cause of the initiative of the craze for polymer material can be supposed by 1) the defect in 
the surface, the fine fracture around the craze or the existence of expansion stress leading to the 
appearance of the cavitation, 2) enough entangled element and partial deformation between entangled 
knots. Craze will occur until molecular weight is above critical molecular weight (2 times of the 
molecular weight Me between the entangled knot) as fracture is strongly dependent on polymer 
molecular weight[24]. 
The plastic deformation of ductile crystal polymer is the cause of shear yield instead of the 
appearance of the craze. According to Wu’s research[25], the craze or the shear yield which one 




prioritize depending on the stress of causing the critical craze or the shear yield which one is bigger. 
When the molecular chain is hard (characteristic ratio  C∞ > 7.5 ), the appearance of the craze 
prioritizes to occur; in contrast, when the molecular chain is soft (characteristic ratio C∞ < 7.5), the 
shear yield occurs in advance instead. The softness of the molecular chain is strongly depending on 
the temperature and the tensile speed, so the shear yield or the craze which one occur in advance 
depend on the tensile speed. This also can decide that the fracture type will be brittle or ductile. That 
is, craze deduce the brittle fracture as the extreme partial deformation. Shear yield deduce the ductile 
fracture as easy propagation in plastic deformation region. 
 
 Historical survey of fracture behavior -the statistical 
properties of fracture  
Generally, there is deviation if one physical value is recycled to be tested. The variance of the 
test will decrease as the increasing of the test times, but the strength and the tensile elongation are 
neither dependent on the test times. This variance is the essence of the material, owe to the 
inhomogeneous structure or the existence of internal defects which appear in the manufacturing 
process. The previous research that fracture strength is dependent on the structure size or the geometry 
imply the existence of statistical fracture phenomenon. The material of large size has much more 
defects than the material of small size, so the bigger of the size, the lower of fracture strength. Which 
has been verified by the research about the influence of fiber length and diameter on the fracture 
strength[26,27]. Based on the theory that the number of the defects varies as the loading history, 
Tobolsky-Eyring denote the stress and temperature dependence of fracture probability in unit time, 
the equation is expressed as below[28]: 
q = q0𝑒𝑥𝑝 (−
∆𝐹−𝛼𝜎
𝑅𝑇
)                                               1-1 
q is the fracture probability in unit time, ∆𝐹  is the active energy, 𝛼 is degree of the tress 
concentration, 𝜎 is external stress, R is Gauss value. While, the equation has no strongly persuasive 
explanation for the generation process of the defects and fracture time distribution phenomenon. For 
the ductile fracture polymer, there always exist large deformation, macro molecular concentrating state 
and the big scale change of the high-order structure (orientation or recrystallization) before fracture, 
so the strength and the tensile elongation of the material can’t be determined by the structure before 
deformation. If the fracture behavior is considered in the view of molecular level, the opinion that 
fracture behavior initiates from fine defects part, being followed with propagation of the crack and 
expansion of new crack surface, and lead to the fracture by internal restored mechanical energy can 
be established.  




The Griffith point which reveal the existence of the crack throughout the material is the 
conclusion of dissolving the fracture phenomenon by stochastic method. What is more, Griffith’s 
theory only focus on one crack of easiest propagation, discussing its fracture toughness. Therefore, 
Griffith point is extremely similar with the weakest link theory [29]expressed by Pierce. The weakest 
theory is that fracture strength is dependent on the size of the crack and the geometry of the stress field 
surrounding the only weakest crack. In the other word, the fracture behavior of the material originates 
from one point, instead of crushing into pieces under tensile deformation.  
The stochastic theory of the fracture strength is that the fracture phenomenon is arbitrarily caused 
by one of the equivalent factors which compose the material. The representative models have been 
exemplified in fig. 1-2. (a) is the weakest link model that the fracture of one link lead to the fracture 
of the whole material. (b) is the model that the breakup of the strongest factor leads to the fracture of 
the whole material. (c) and (d) are two different combination of the two models of (a) and (b).  
 
 
Fig.1-2: Series, parallel and their combined models for reliability 
 
Weakest link theory states that the reliability probability R(σ) of a brittle solid is the product of 
reliability probabilities of each volume element within the solids. Formally this is written as R(σ) =
∏ Ri(σ) ≅ 𝑅0(𝜎)
𝑚𝑚
𝑖=1 , where R0(σ) is the reliability probability of element 𝒾 at stress σ and m is 
the number of elements comprising the solids. The reliability probability of each element is similar, 
therefore, the fracture probability of arbitrarily one of the elements is the fracture probability of the 
whole solid as the equation shown below: 
P(𝜎) = 1 − R0(σ)
𝑚                                 1-2 
(b) can be mathematically described as the equation below, the fracture probability of each 
element under the stress from 0 to σ. 




P(𝜎) = ∏ [1 − R𝑖(σ)]
𝑛
𝑖 ≅ [1 − R0(σ)]
𝑛                           1-3 
n is the sum of elements in model (b). The stress working on the system is distributed equally. 
It is essential to determine the reliability probability function of every element to get knowledge about 
the fracture distribution. According to the equation of R(σ) = 𝑒−(𝜎/𝜎0)
𝛽
 , R(σ) and R0(σ) can be 
regarded as the same type. Then, based on equation 1-2, the stochastic distribution of fracture strength 
can be expressed as: 
P(σ) = 1 − 𝑒−(𝜎/𝜎0)
𝛾
                                  1-4 
Equation 1-4 is Weibull distribution function, which has been widely utilized in predicting the 
stochastic distribution. The probability density function, the differential of Weibull distribution is 
exemplified in fig. 1-3.  
  
Fig.1-3: Probability density function of Weibull. 
 
 




 The stochastic process of fracture  
There exist space and time fluctuation of the defects distribution for the creep fracture under 
constant stress. The process randomly changing over time is called stochastic process. 
One solid of unit volume is assumed to be divided into N equal cell. The property, stress condition 
and the defects states are all similar. The fracture probability of one cell is presumed to be p, the 
fracture probability of x cell in unit time can be expressed as P(x) = 𝑁C𝑥P
𝑥(1 − P)𝑁−𝑥 , P will be 




𝑒−𝜇                                          1-5 
The result turns out that if the inverse fracture probability (reliability) of the solid in the unit time 𝑅0 
when x=0 is put into the equation 1-5, it can be written as 𝑅0 = exp(−𝜇). The average number µ of 
fractured cell is dependent on the stress status, and turns to be constant under creep condition. If 
assume the volume of the system as V, the fracture probability during the time interval of from 𝑡𝐹  to 
𝑡𝐹 + Δ𝑡𝐹  can expressed by volume. 
P(𝑡𝐹)Δ𝑡𝐹 = (1 − 𝑒
−𝑉𝜇Δ𝑡𝐹)𝑒−𝑉𝜇𝑡𝐹 ≅ 𝑉𝜇𝑒−𝑉𝜇𝑡𝐹Δ𝑡𝐹                       1-6 
P(𝑡𝐹) is the probability density function of the fracture time 𝑡𝐹 . The probability distribution of the 
fracture time can be get according to the integral of probability density function. As µ is not constant 
in the tensile test with fixed tensile speed, being dependent on the tensile time, the probability density 
function of the fracture time is written as: 
P(𝑡𝐹) = 𝑉𝜇(𝑡)𝑒𝑥𝑝 [−𝑉 ∫ 𝜇(𝑡)𝑑𝑡
𝑡𝐹
0
]                              1-7 
This is supposed based on the weakest theory that the fracture of one cell leading to the whole 
system fracture. Kawabata et. [29]assume that the fracture of ν th cell lead to the whole system fracture. 
The probability density function can be evaluated as: 








𝑒𝑥𝑝 [−𝑉 ∫ 𝜇(𝑡)𝑑𝑡
𝑡𝐹
0
]                       1-8 
Γ(𝜐) is the Gamma function. 
The calculated results that the probability density function of constant average failed cell number 
μ(t) = μ0 and unit volume V = 1 is exemplified in Fig.1-4. The probability density function will be 
approximately like the weakest link model when ν = 1; and its shape will change corresponding to ν. 
The probability density function is nearly like the asymmetric differential of the Weibull distribution 




function when ν is relatively small, while change to be like symmetric Gauss distribution when ν is 
being larger.   
 
 
Fig.1-4: Probability density function of Kawabata distribution [99]. 
 
The occasion of the fracture time when the partial initiative of the fracture of the branched fibril 
of the inner fiber for the creep fracture of high strength fiber material is following Weibull distribution 
function has been extensively researched by Phoenix et.[30–32]. On the other side, fracture probability 
follows Gauss distribution when the stress distributes homogeneously that has also been implied. That 
is, for the ductile deformation, the stress will not concentrate partially without the immerge of the 
crack during deformation. If in the view that the initiative of the fracture occurs randomly in time and 
space, the whole specimen follows Gauss distribution according to the centrum limited theory. 
 
1.2. Characteristics, properties and application of 
polypropylene (PP)  
Polypropylene (PP) is a stereoregular polymer polymerized of the non-symmetrical propylene 
molecular CH2=CHCH3, exists in different tacticities (atactic, isotactic, sydiotactic) and in different 
crystalline forms, which turns out in different rheological, physical and mechanical properties. The 
steric effect of the methyl group highly favours the head-to-tail sequence, which gives a high chemical 
regularity of the PP chain. Isotactic PP is by far the most common form of industrial polypropylene, 




in which all the methyl groups are on the same side of the zigzag plane, results from polymerization 
of only one isomeric configuration from propylene monomer. The stable regular conformation of 
isotactic chains promote crystallization by a parallel organization of chain segments issued from the 
same chain or from chains in the vicinity. Moreover, three crystalline forms are known for isotactic 
PP: monoclinic α phase, hexagonal β phase and triclinic γ phase. For each crystalline form, thin 
crystals are formed for kinetic reasons, connected to each other by the residual amorphous phase. On 
the other hand, the presence of the asymmetrically substituted methyl groups causes rotation around 
the backbone bonds to be direction-dependent, both right-handed and left-handed helices with stereo-
isomer configuration of d and l result. Aggregates of folded-chain primary crystalline (fibrils or 
lamellar) arranged in definite geometry are designed super-molecular structure. The most frequent 
super-molecular formations in melt crystallized polymer are spherulites. A spherulite is a spherulite 
form cluster of primary crystallites with spherical symmetry. Spherulites develop from crystallites 
starting from a central nucleus and growing uniformly in all spatial directions radially, with small-
angle (non-crystallographic) branching in between. The branching of growing crystallites provides 
complete space filling. According to the phenomenological theory, the small-angle fibrillar branching 
essential in the formation of spherulitic structure is induced by impurities (with low, if any, tendency 
to crystallization) segregating in the vicinity of the growing crystal front [33–36].  
Crystalline polypropylene was discovered in the early 1950s and commercial production began 
in 1957. Since that modest beginning, polypropylene has become among the most important synthetic 
polymers produced by humankind, ranking second only to polyethylene, the winner among the 
commodity of large-volume thermoplastics. Estimates indicate that approximately 55 million metric 
tons (～121 billion pounds) of polypropylene were manufactured globally in 2011. The mean 
consumption rate of PP was about 10% per year in the last decade. In given application fields this 
value was even higher. Polypropylene is manufactured in various forms on 6 continents and its 
applications are ubiquitous in daily life, from the fiber in our carpets and the upholstery in your living 
room furniture to the casings for the power tools in your garage. Thus, the factor for the future trend 
of PP use is still quite optimistic [33–36]. 
 
  




1.3. Object and general concept of analysis and 
theorem (statistical methods) 
 Concept of analysis and theorem 
Stochastic theory is an extremely essential potion in modern mathematics related to other 
mathematical region such as topology, algebra, analysis, dynamical systems or geometry. Compared 
to other basic mathematical structure, an approach of theoretical structure was added to Ω which 
trigger `counting` on finite set in this theory. Actually it is a set of subsets of Ω in which many 
operations like complements, intersections or taking unions can be performed finitely or countably. In 
order to calculate the probability of a subset x ⊂ Ω, a group of subsets A is singled out. The elements 
in A are called events [37]. If a point ω in the `laboratory` Ω denotes an `experiment`, an `event` x ∊A 
is a subset of Ω, for which a probability P[x] ∊ [0,1] can be assigned [38]. 
When experiments that are random and well-defined in a purely theoretical setting (like tossing 
a fair coin) are dealt with, probabilities are considered to describe the statistical number of all outcomes. 
Therefore, probability is a measure or estimation of likelihood of occurrence of an event and given a 
value between 0 (0% chance or will not happen) and 1 (100% chance or will happen) [39]. The 
occurrence of the event will be higher with the higher degree of probability. On the other hand, in a 
large bundle of samples, the event is also expected to take place. It can be represented as 
 𝑃(𝑥) = P(𝑋 = 𝑥) 1-1 
Where P(x) is the probability function; X is the random variables; x is the event.  
The probability of each measurable subset of the possible outcomes of a survey, procedure of 
statistical inference, random experiment can be assigned by the probability distribution. If the sample 
space is non-numerical in the experiment, the distribution can be simulated by categorical distribution 
[40]. If the sample space is encoded by discrete random variables in experiments, the distribution of 
which can be simulated by a probability mass function [41]. If the sample space is encoded by 
continuous random variables the distribution can be simulated by a probability density function[46], 
shown in Eq.1-2. The probabilistic density function and the probability which is the area under the 
curve seen in Fig.1-2. In this study, as we will use the continuous probabilistic statistical function to 
fit the experimental data, thus probability density distribution will be adopted.   




              
Where p(x) is the probability density function at X=x 





                        
Fig 1-2: The probabilistic density function and probability 
 
 Characteristics of probabilistic distribution 
1.3.2.1. Statistical Parameters and Functions 
The expected value (or expectation, mathematical expectation, EV, mean, or first moment) refers 
a weighted average of all possible values. The weights used in computing this average are the 
probabilities in the case of a discrete random variable, or the values of a probability density function 
in the case of a continuous random variable. Especially, the expected value of a continuous variable 
is the integral of the random variable with respect to its probability measure, can be represented in Eq. 
1-3 [42,43]. 




Variance measures the degree of the fluctuation of the group of numbers. If all the value are the 
same, the variance turns to be zero. Inversely, the variance is non-zero, generally being positive. A 
small variance implies that the data distribution is very narrow, all the values tend to be very close to 
the average (expected value), while a high variance implies that the data distribution is broad, and the 
large spreading of the data make the value far from the mean value. Standard deviation value is 
calculated by the square root of variance. Variance and standard deviation can be represented by 
 𝑣𝑎𝑟(𝑋) = ∆2= E(X − ?̅?)2 1-4 
 
                                                 ∆= √∆2 1-5 
                                 
respectively[44,45].  




Skewness is a measure of the asymmetry of the probability distribution of a real-valued random 
variable about its mean and its value can be positive or negative, or even undefined. For a unimodal 
distribution, negative skew indicates that the tail on the left side of the probability density function is 
longer or fatter than the right side. Conversely, positive skew indicates that the tail on the right side is 
longer or fatter than the left side. And it is 0 for the normal Gaussian distribution (or called normal 
distribution). It can be calculated by eq.1-6[46,47]. 
 












                                                 
Here is the characteristics for the Gaussian (normal) distribution [48]  
1. Parament                                     ?̅?, ∆ • 0 
2. Range                                       −∞ < 𝑥 < ∞ 






]    
4.  Expected value                              ?̅?  
5.  Variance                                      ∆2 
6.  Skewness                                      0 
 
Here is the characteristics for the Weibull distribution [48] 
1. Parament                                       φ • 0, γ • 0 
2. Range                                          0 ≤ 𝑥 < ∞ 


















5. Variance                           𝜑2Γ (
𝛾+2
𝛾





    
6. Skewness                                       ≠ 0  
 
1.3.2.2. Bayes` Theorem  
Bayes' theorem [49] takes an important part in the mathematical manipulation of conditional 
probabilities. It is a result that derives from the more basic axioms of probability. Bayes' theorem can 
be applied in the probabilities, and based on Bayes' theorem, any of a number of probability 




interpretations can be calculated. In one of these interpretations, the Bayes' theorem is utilized directly 
as a part of a special approach to statistical inference. Particularly, how a subjective degree of belief 
should rationally change to account for evidence is expressed by the Bayesian interpretation of 
probability. In details as follows: 
Let 𝐵1 , 𝐵2, ⋯ ⋯ , 𝐵𝑛 be a set of mutually exclusive and exhaustive events defined on a sample 
space Ω and let H be the information currently available. From the Equally likely events 
𝑃({𝜔𝑖}) = 𝑁
−1, 𝑖 = 1 , ⋯ ⋯ , 𝑁. we have 
               𝑃(𝐵𝑟 , 𝐴|𝐻) = 𝑃(𝐴|𝐻)𝑃(𝐵𝑟|𝐴, 𝐻) = 𝑃(𝐵𝑟|𝐻)𝑃(𝐴|𝐵𝑟, 𝐻)                 1-7 
Thus, 𝑃(𝐵𝑟|𝐴, 𝐻) =
𝑃(𝐵𝑟|𝐻)𝑃(𝐴|𝐵𝑟,𝐻)
𝑃(𝐴|𝐻)  
.  Using the law of total probability 




𝑖=1 = 1 − 𝑃(𝐴




 then, it can be found that 
𝑃(𝐵𝑟|𝐴, 𝐻) =
𝑃(𝐵𝑟|𝐻)𝑃(𝐴|𝐵𝑟,𝐻)




                        1-8 
 
 
1.3.2.3. Brownian Motion  
To describe the irregular motion mathematically, generally the concept of a stochastic process 
𝐵𝑡(𝜔) is utilized. The 𝐵𝑡(𝜔) is also interpreted as the position at time t of the pollen grain 𝜔. We 
will generalize slightly and consider An n-dimensional analog is generalized and considered slightly. 
Brownian motion[50] consists of basic properties shown below: 
i) Bt is a Gaussian process, i.e. for all 0 ≤ 𝑡1 ≤ ⋯ 𝑡𝑘 the random variable Z = (B𝑡1 , ⋯ B𝑡𝑘) ∈
R𝑛𝑘  has a (multi) normal distribution. This means that there exists a vector 𝛭 ∈ R𝑛𝑘  and a non-
negative definite matrix C = [𝑐𝑗𝑚] ∈ R
𝑛𝑘×𝑛𝑘 (the set of all nk × nk matrices with real entries) such 
that  
 
                𝐸𝑥[𝑒𝑥𝑝(𝑖 ∑ 𝑢𝑗
𝑛𝑘
𝑗=1 𝑍𝑗)] = exp (−
1
2
∑ 𝑢𝑗𝑐𝑗𝑚𝑢𝑚 + 𝑖 ∑ 𝑢𝑗𝑀𝑗𝑗𝑗,𝑚 )                         1-9 
for all  u = (𝑢1, ⋯ ⋯ , 𝑢𝑛𝑘) ∈ R
𝑛𝑘 , where 𝑖 = √−1  is the imaginary unit and 𝐸𝑥 denotes 
expectation with respect to 𝑃𝑥. 
ii) Bt has independent increments, i.e. 
𝐵𝑡1 , 𝐵𝑡2 − 𝐵𝑡1 , ⋯ , 𝐵𝑡𝑘 − 𝐵𝑡𝑘−1 are independent for all 0 ≤ 𝑡1 < 𝑡2 ⋯ < 𝑡𝑘. 




To prove this we use the fact that normal random variables are independent if they are 
uncorrelated. So it is enough to prove that  
𝐸𝑥 ⌊(𝐵𝑡𝑖 − 𝐵𝑡𝑖−1) (𝐵𝑡𝑗 − 𝐵𝑡𝑗−1)⌋ = 0 when 𝑡𝑖 < 𝑡𝑗 , which follows from the form of C: 
𝐸𝑥 ⌊(𝐵𝑡𝑖𝐵𝑡𝑗 − 𝐵𝑡𝑖−1𝐵𝑡𝑗 − 𝐵𝑡𝑖𝐵𝑡𝑗−1 + 𝐵𝑡𝑖−1𝐵𝑡𝑗−1)⌋ = n(t𝑖 − t𝑖−1 − t𝑖 + t𝑖−1) = 0            1-10 
From this we deduce that 𝐵𝑠 − 𝐵𝑡  is independent of 𝐵𝑡 if s > t. 
 
1.3.2.4. Itô integrals  
(A) Construction of the Itô integral[50] 
A reasonable mathematical interpretation of the `noise` term has been found by the questions 
below: 
                          
𝑑𝑁
𝑑𝑡
= (𝑟(𝑡)+′𝑛𝑜𝑖𝑠𝑒′)𝑁(𝑡)                            1-11 
or more generally in equations of the form 
                            
𝑑𝑋
𝑑𝑡
= 𝑏(𝑡, 𝑋𝑡) + 𝜎(𝑡, 𝑋𝑡) ∙
′ 𝑛𝑜𝑖𝑠𝑒′                     1-12 
 where b and σ are some given functions. Let us first concentrate on the case when the noise is 1-
dimensional. It is reasonable to look for some stochastic process Wt to represent the noise term, so that 
                            
𝑑𝑋
𝑑𝑡
= 𝑏(𝑡, 𝑋𝑡) + 𝜎(𝑡, 𝑋𝑡) ∙ 𝑊𝑡                        1-13 
 
  




(B) The 1-dimensional Itô formular[50] 
An 𝐼𝑡?̂? integral version of the chain rule is possible to be established, called that 𝐼𝑡?̂? formula. 
Th 𝐼𝑡?̂? formula is, as we will show by examples, very useful for evaluating 𝐼𝑡?̂? integrals. 
   From the example 
 
















𝑡 + ∫ 𝐵𝑠𝑑𝐵𝑠
𝑡
0
    
 
we see that the image of the 𝐼𝑡?̂? integral 𝐵𝑡 = ∫ 𝑑𝐵𝑠
𝑡
0
 by the map g(x) =
1
2
𝑥2 is not again 
an 𝐼𝑡?̂? integral of the form 
 
                                   ∫ 𝑓(𝑠, 𝑤)
𝑡
0
𝑑𝐵𝑠(𝑤)                           1-14 
 
but a combination of a 𝑑𝐵𝑠  and a ds-integral: 
                   
It turns out that if we introduce 𝐼𝑡?̂? process (also called stochastic integrals) as sums of a 𝑑𝐵𝑠  and 
a integral then this family of integral is stable under smooth maps. 
If let 𝐵𝑡  be 1-dimensional Brownian motion on (Ω, F. P). A (1-dimensional) 𝐼𝑡?̂? process (or 
stochastic integrals) is a stochastic process Xt on (Ω, F. P) of the form 
𝑋𝑡 = 𝑋0 + ∫ 𝑢(𝑠, 𝑤)
𝑡
0
𝑑𝑠 + ∫ 𝜈(𝑠, 𝑤)
𝑡
0
𝑑𝐵𝑠                            1-15 
If Xt is an 𝐼𝑡?̂?  process, the form above can be written in the shorter differential form  
 




1.3.2.5. Kolmogorov equation  
(A)  Kolmogorov equation [51] 
In the context of a continuous-time Markov process, the Kolmogorov equations 
including Kolmogorov forward equations and Kolmogorov backward equations, are a pair of systems 
of differential equations that describe the time-evolution of the probability 𝑃(x, s; y, t), where x, y ∈
Ω  (the state space) and t > s are the final and initial time respectively. 




For the case of denumerable state space, i, j are put in place of x, y. 
Kolmogorov forward equations read 
𝜕𝑃𝑖𝑗
𝜕𝑡
(𝑠: 𝑡) = ∑ 𝑃𝑖𝑘(𝑠; 𝑡)𝐴𝑘𝑗(𝑡)𝑘                        1-17 
while Kolmogorov backward equations are 
𝜕𝑃𝑖𝑗
𝜕𝑡
(𝑠: 𝑡) = − ∑ 𝐴𝑖𝑘(𝑠)𝑃𝑘𝑗(𝑠; 𝑡)𝑘                     1-18 
The functions 𝑃𝑖𝑘(𝑠; 𝑡) are continuous and differentiable in both time arguments. They represent the 
probability that the system that was in state i at time s jumps to state j at some later time t > s . The 






, 𝐴𝑗𝑘(𝑡) ≥ 0, 𝑗 ≠ 𝑘, ∑ 𝐴𝑗𝑘(𝑡)𝑘 = 0             1-19 
          
(B) Markov process [52] 
Given a measurable space (S,B) called state space, where S is a set and B is a σ-algebra on S. A 
function P: S×B→R is called a transition probability function if P(x,.) is a probability measure on 
(S,B) for all x ∈ S and if for every B ∈ 𝐵, the map s→P(s, B) is B-measurable. Define P1(x, B)=P(x,B) 
and inductively the measure p𝑛+1(𝑥, 𝐵) = ∫ 𝑃𝑛(𝑦, 𝐵)𝑃(𝑥, 𝑑𝑦)
𝑠
, where we write ∫ 𝑃(𝑥, 𝑑𝑦) for the 
integration on S with respect to the measure P(x,.) 
 
1.3.2.6. Stochastic differential equation 
A general stochastic differential equation (SDE) has the form 
𝑑𝑇(𝜏) = 𝜇(𝑡, 𝜏)𝑑𝜏 + 𝜎(𝑡, 𝜏)𝑑𝐵(𝜏)      0 ≤ 𝜏             1-20 
where the drift function 𝜇(𝑡, 𝜏) and diffusion function 𝜎(𝑡, 𝜏) represent smoothness. Here we 
consider the existence of a solution to the above SDE. Suppose that there exist two positive constants 
K and L ∈ ℝ such that 
𝜇2(𝑡, 𝜏) + 𝜎2(𝑡, 𝜏) ≤ 𝐾(1 + 𝑡2)                    1-21            
|𝜇(𝑡, 𝜏) − 𝜇(𝑢, 𝜏)| + |𝜎(𝑡, 𝜏) − 𝜎(𝑢, 𝜏)| ≤ 𝐿|𝑡 − 𝑢|)             1-22 
 
It can then be shown that the SDE has a unique and strong solution.  




The condition (1-21) is called the growth condition, and (1-22) is known as the Lipschits 
condition [50]. In our system, because both  𝜇(𝑢, 𝜏) = 𝜀0𝐿0 and 𝜎(𝑡, 𝜏) = √2𝛿0
2𝜏 are independent 
of t, condition (1-22) is obviously satisfied. Eq. (1-21) becomes  
(1 + 𝑡2)𝐾 ≥ (𝜀0𝐿0)
2 + 2𝛿0
2𝜏                 1-23 
When we take 𝐾 ≥ (𝜀0𝐿0)
2, the growth condition (1-21) is satisfied at any real t. Consequently, 
it is proved that Eq. (3-3) (in chapter 3) has a unique strong solution. The strong solution means that 
Eq. (3-3) (in chapter 3) is a unique solution of the Kolmogorov equation and that this solution is 
completely reproducible. 
 
    It may be worth pointing out here about the martingale concept. The diffusion function 
𝜎(𝑡, 𝜏) = √2𝛿0






2 < ∞                     1-24 
Then, the process {𝑇(𝜏)} is a martingale if and only if the drift is zero. If the process {𝑇(𝜏)}  is 
a martingale process, {𝑇(𝜏)}  satisfies the following properties: 
𝐸[𝑇(𝜏)] < ∞, 𝜏 ∈ [0, 𝑇𝑓]                                                          1-25 
   𝐸𝜏[𝑇(𝑠)] = 𝑇(𝑡), 0 < 𝜏 < 𝑠 < 𝑇𝑓                         1-26 
where 𝐸𝜏[𝑇(𝑠)]  denotes the conditional expectation of T(s) given information of 
{𝑇(𝜏)} ranging from 0 to τ. The above two conditions are a definition of a continuous-time martingale. 
The condition (1-26) implies that the expectation of T(s) value at an elongation speed s-1 slower than 
the current speed τ-1 becomes the same as the current T(τ) value at the elongation speed τ-1. 
 
 The object of this thesis 
 Fracture phenomena of various materials extensively used in the daily life dose bring such 
a huge financial loss for the company and risk for the life of people. To avoid the hazard, to date, 
continuous evolution of models and tools for risk management have been established for various 
causes in the most industrial accidents. While, the limitation of a model should be understood and it 
also should be avoided to use the model in ways inconsistent with the original intent. So far, the 
representative fracture risk models and tools are totally established with statistical analysis owing to 
the material characteristic of variability. Like the material mentioned above, such as polymer film, 
plastic fibers, ceramics and metals, they all break as brittle fracture in tension test and their fracture 
distribution data are all fitted well by the Weibull distribution [52–59]. However, although extensive 
research has been carried out on brittle fracture, rare study exists which adequately covers ductile 




fracture. On the other hand, up to now, although the statistical analysis for the materials above have 
been used to determined the probability of material fracture, their role have been confined to fitting 
fracture behavior data rather than providing predictive insight of material fracture behavior and the 
magnitude of scatter.  
With rapidly growing use of plastic materials showing ductile properties, there seems to be a need 
for systematic studies of fracture behavior. For determining the reliability and efficiency for practical 
use of these ductile polymeric materials, the ability to predict the fracture point or the fracture 
distribution under various experimental conditions is of critical essential. Therefore, one primary 
strategy of this study is focusing on evaluating the facture behavior quantitatively rather than 
qualitatively by revealing the stochastic characteristics (which relate directly to the service 
performance of the material) of the fracture data under tension by mathematical methods. Besides, the 
influence of the extrinsic conditions and intrinsic factors on the stochastic characteristic of the fracture 
behavior both have been researched. What`s more, to have a comprehensive knowledge about the 
fracture behavior, not just from the macroscopic perspective, but also from the micro perspective, 
structure deformation and morphology under tensile fracture also have been studied. 
  





2. Statistical Aspect of Ductile Tensile 
Fracture of Isostatic Polypropylene 
Abstract: Statistical analysis on the fracture behavior of melt-crystallized isotactic 
polypropylene (iPP) specimen under a fixed elongation speed at 25 0C was investigated. The tensile 
tests were taken for over one hundred times. The statistical fracture data, including the time to fracture, 
the ultimate strength, fracture toughness (defined as the energy per volume, calculated as the area 
below the nominal stress-strain curve from the origin point to the breaking point) were obtained. The 
probability density distributions of statistical fracture data all followed symmetric normal Gaussian 
statistics. Based on a linear relationship between the stress and elongation time in the strain hardening 
region near the breaking point in the stress-time curve, a static Kalman filter system was applied to 
the fracture data probability density function for determining a conditional probability density function. 
Consequently, this result makes it possible to predict the probability density function of the creep 
fracture of iPP. 
Keywords: Isotactic polypropylene, tensile ductile fracture, time, strength, toughness, Gaussian 
Running Head: Tensile fracture distribution of iPP. 
2.1. Introduction 
As the growing utilization in engineering applications, fracture characteristics, which is related 
to the material reliability and lifetime, of typical commercial semi-crystalline materials, such as 
isotactic polypropylene (iPP) and polyethylene (PE), has attract more and more attention from various 
areas[60–62]. However, the existence of the inconsistent and wide scatter in fracture behavior turns to 
be pretty difficult to predict the occurrence of material tensile fracture behavior [63]. There always 
exist the scattering, even though specimens were prepared to be almost identical and tensile tests were 
performed under the same test conditions. Therefore, the scattering characteristics of the fracture 
behavior is essential for simulate and calculate the material reliability and lifetime.  
To ensure the material to be utilized under safe condition, the distribution of the intrinsic strength 
of the materials must be designed to avoid overlapping with the variance of the external load factor. 
In other words, minimum strength value, the distribution of which is caused by the variation of the 
material intrinsic properties, should be greater than the maximum actual extrinsic stress value; and the 
fluctuation of the intrinsic strength and extrinsic stress should not be overlapped with each other[64]. 




Therefore, it is extremely essential to have a knowledge about the statistical characterization of tensile 
fracture data which are closely related to the material reliability. Over the past decades, the statistical 
analysis on the fracture behavior of brittle material, such as plastic fibers, rubbers, ceramics, metals 
and polymer films have been extensively studied [12,65–68,14,15]. Compared to the brittle facture 
behavior, ductile fracture is comprised of a series of extensive plastic deformation, such as yielding 
and necking before fracture. As well known, there is very little published data about the statistical 
analysis of tensile ductile fracture behavior for commercial plastics [69]. 
Isotactic polypropylene, has been mentioned in chapter 1.2, is a typical commercial polymer with 
high drawability. The tensile process comprises the elastic, yielding, necking and strain hardening 
processes. It is very significant to investigate the fracture characteristics of iPP materials, the result of 
which can be the representative of the other typical spherulitic semi-crystalline polymers. What’s more, 
stretched crystalline polymers are more highly anisotropic than stretched glassy polymers in their 
mechanical properties. Therefore, the fracture research of the fibrillation process for the oriented 
polymers is necessary and practical. The ultimate morphology of material break as ductile fracture is 
highly oriented and homogeneous fibril structure because of the homogeneous sharing of the external 
stresses[70]. Recently, Nitta indicated that the detachment between the oriented fibril chains is the 
origin of the ductile fracture, and the quantum mechanical effects instead of the chain scission make 
the interruption of interactions between the oriented chains take place[71]. As a consequent in theory, 
it is believed that the ductile fracture probability comes from the reality that a lot of failure behavior 
occur, creating inherent randomness within the aligned chain bundles in both the fracture behavior and 
position. This chapter focuses on the ductile tensile fracture behavior of iPP under a fixed tensile speed 
at room temperature. The statistical approach is adopted to analyze the fractur time, strength and 
fracture toughness which are all obtained from uniaxial tensile tests on a typical semi-crystalline 










2.2. Experimental  
 Materials  
A commercial grade of isotactic polypropylene (iPP) pellet with molecular weight (Mw)=3.910
5 
and molecular weight distribution index (Mw/Mn) = 5.0, melting temperature of 162°C estimated from 
differential scanning calorimeter (DSC) measurements was utilized. The iPP sheets with crystallinity 
of 59±1 vol%, thickness of 200±20 m were prepared by the process of compression molding at 230C 
for 5 min, and then quenching in boiling water (100C) for 5 min. The crystallinity degree was 
calculated by the method using density data and the lamellar periodicity of a sample specimen was 
16.3 nm by small-angle X-ray scattering (SAXS) data.  
 
 Characterization 
The density was calculated by METTLER electrobalance XS205 (Mettler Tredo International 
Inc., Switzerland) with the solvent of ethanol using the Archimedes method. In the crystallinity 
calculation, densities of the crystalline and amorphous regions turn to be 936 and 854 kg m−3, 
respectively[72,73].  
The melting temperatures of the samples was measured by the DSC measurements via Perkin 
Elmer Diamond DSC (USA). Samples with the weight of below 3 mg were cut from sheets to prepare 
for the measurement, sealed in aluminum pans, and heated from 323 to 473 K at 20 K min−1. 
The lamellar periodicity of the sample specimen and the void distribution characteristics of 
deformed specimen (sample cavities) were measured by SAXS. The SAXS measurement instrument 
consist of a Rigaku/SAXS (Model Nano-Viewer, Japan) system and a humidity generator (Model 
HUM-1). Experimental conditions were as follows: The Cu-Kα X-rays were operated at 40 kV and 30 
mA for 30 minutes for each measurement with three slits and the camera of 700 mm length. The X-
ray scattered intensities was collected by using a blue imaging plate. 
 
 Tensile tests 
The sample specimens with double-edged notched shape of that gauge length and width are both 
4 mm, cut from sample sheet of 200 ±20 μm thickness. The precise notch shape of the specimen is 
illustrated in Fig.2-1. The tensile speed was fixed at 15 mm/min. Only the fracture data of the 
specimens broken at the gauge part is collected, the one when the specimen was broken at its edge 
was omitted. The fracture fractur time (the time to fracture), strength (the ultimate stress) were 




obtained directly from the tensile load-time data. The strength value was calculated by dividing the 
tensile load by the initial cross-section area. The fracture toughness values were calculated from the 
total area under the stress-strain curve from the original point to fracture point, the strain was dividing 
the elongation by the gauge length. Fracture toughness is the energy per original unit volume required 
for the occurrence of the tensile fracture.  
Over 100 times tensile test were performed at a fixed tensile speed of 15 mm/min at the room 
temperature of 25C. Each kind of tensile fracture behavior data was analyzed statistically by taking 
the class number to be 10 corresponding to the square root of the sample size. The commercial software 
OriginPro 8 (OriginLab Co., USA) was utilized to simulate the distribution of the fracture data. 









  unit: mm 




2.3. Results and Discussion 
The comparison of the stress-strain curves between the double-edged notched specimen (shown 
in fig.2-1) and dumbbell-shaped specimens with a gauge length and width of 10×4 mm2 and similar 
thickness is shown in fig.2-2. To unify a similar constant strain rate of 0.025 s-1 for both the stress-
strain curves, the tensile speed of the dumbbell specimen was 15 mm min-1 and the notched specimen 
one was 6 mm min-1. There were no obvious differences in stress values between the samples of 
different configuration except in the necking region. As shown in Fig.2-2, in the stress-strain curve of 
dumbbell-shaped sample, there exist the necking zone which expand the elongation at fracture near 
the level plateau. It suggests that the elongation at fracture was proportional to the gauge length of 
the sample specimen. While, for the sample specimen with notched shape, there exists no plateau, or 
necking region in the stress-strain curves which implies that the intrinsic fracture data can be obtained 
by the double-edge notched shape specimen.  
  
Fig. 2-2：Comparison of stress-strain curves for double-edge-notched and dumbbell configuration 
specimens under the strain rate. 





Fig. 2-3：Stress-time curves of iPP measured at 15 mm min-1 and 25 0C.  
Fig. 2-3 summarize the stress-elongation time curves of the specimen measured for more than 
100 times at a tensile speed of 15 mm min−1. The result that obvious stress drop in the yield region, 
followed directly by stress-hardening region without necking region before final fracture shown in all 
curves, indicates that the intrinsic break point of the application of the notched specimen. In addition, 
there exhibited a wide scattering of the fracture time and the reproducibility of the overall stress levels 
(the intercept of the stress axle, called noise). As a result, the strength varied considerably accompanied 
with the variance of the stress level.  
Fig.2-4 (a–d) summary the optical photographs of four similar specimens deformed at different 
tensile strain stage at the same tensile speed of 15 mm min−1. Fig. 2-4b is the result taken in the yield 
region in which a shear band with white contrast was apparently observed perpendicular to the 
stretching direction. Fig. 2-4c is the result taken during the post-yield region in which the entire gauge 
area shows stress-whitening until the occurrence of the fracture. The spread of the stress-whitening 
overall the gauge area indicates that cavitation and voiding emerge randomly homogeneously in the 
deformed gauge portion. 
  




    
Fig. 2-4：Optical Photographs of (a) the unstretched specimen and the stretched ones at various 
strain levels stretched with 15 mm/min for (b) 4s, (c) 60s, and (d) the occurance of fracture. 
 
Fig. 2-5 shows the fracture time probability density distribution. The experimental results of the 
average and standard deviation of fracture time was ?̅?𝐹=149 s and Δt=19.1s, separately. The skewness 
values of these statistical fracture behavior data are all given by the equation 1-6,  









3                   (2-1)    
where E is the expectation operator. As the skewness value α3=−0.154, was almost zero, the fracture 
time distribution which was analyzed on the statistical data collected from the present tests was 
quantified well by the symmetric scattering Gaussian distribution in fig.2-5 (The solid curve is the 
fitting one, normalized Gaussian function; rectangle shape is the experimental one) 








2 ]                              2-2 
where p1(𝑡𝐹) is the probability density function of the time to fracture, 𝑡𝐹 . 
 
                             





Fig. 2-5：Probability density distribution data (PDF) of the fracture time (rectangle shape) fitted 
with a normalized Gaussian curve (solid curve). 
Figure 2-6 shows the distribution of the strength, σF. The average and standard deviation of the 
fracture strength was 𝜎𝐹 =36.3 MPa and Δσ=2.62 MPa separately. The skewness of the strength 
distribution was very small, −0.0731, indicating that the tensile strength distribution also can be fitted 
well by a near symmetric Gaussian distribution curve under this condition. Consequently, PDF of 
strength can be expressed as below: 








2 ]                              2-3  




   
Fig. 2-6：Probability density distribution data (PDF) of the strength (rectangle shape) fitted with a 
normalized Gaussian curve (solid curve). 
The stress-time curve roughly composed of yielding, strain hardening and negligible necking 
regions was illustrated in Fig. 2-3. After the initiation of the necking, the deformation constitutes 
immediately spreading the whole gauge potion of the specimen. Therefore, the whole tensile 
deformation can be divided into the 4 parts of the initial, the yielding and virtually complete strain-
hardening deformation regions. The symmetric distribution of the fracture strength is due to the linear 
relation between the stress and elongation time in the strain hardening region near the fracture point, 
as shown below: 
                           𝜎 = 𝐺𝑝𝑡 + 𝜔𝑝                           2-4 
where Gp is the stress-time curve slope in the strain hardening region and ωp is the intercept on the 
stress axis. In Fig. 2-3, it is obvious that the fluctuation of Gp was very small, can be regarded as a 
constant value, being Gp=0.128±0.01 MPa s−1. Therefore, tensile fracture strength can be expressed 
by the linearly transferred fracture time, tF, accompanied by the ωp values. Compared to the constant 
Gp, ωp has fluctuation and which is considered to be a noise fluctuation, and this process can be treated 
as a well-known Kalman filter problem [74]. As noise, ωp, is regarded as a result of the fluctuation of 
the load cell, ωp is independent of the fracture time, tF. Furthermore, the fluctuation of ωp is also belong 
to Gaussian function, as both the symmetric Gaussian distribution of the PDF of the fracture time and 
strength.  





Fig. 2-7：Probability density function (PDF) of fracture toughness (rectangle shape) fitted with a 
normalized Gaussian curve (solid curve). 
 
Fracture toughness, which is defined as the energy per original volume required for the 
occurrence of fracture behavior, is a traditional value of a material meaning the ability to withstand 
the external load in the form of tensile test. It is obvious the PDF distribution of the facture toughness 
can also be fitted well by the symmetric Gaussian function with the skewness of −0.0751 as seen in 
Fig. 2-7. The average toughness value was 𝑈𝐹=266 J m
-3, with a standard deviation of ΔU=43.6 J m
-
3. Thus, the symmetric distribution of the fracture toughness indicates that the homogeneous 
deformation throughout the whole tensile process until the break point. According to the central limit 
theorem, the occurrence of the fracture events in an incoherent fashion during the strain hardening 
propagation process results in a statistic fracture process that follows a Gaussian [75]. 
Thus, set the average and standard deviation of the noise of ωp to be ω̅𝑝 and Δω, respectively. 
As ωp is independent of time to fracture, tF, it can be obtained that:  
                      𝜎𝐹 = 𝐸[𝐺𝑝𝑡𝐹 + 𝜔𝑝] = 𝐺𝑝𝑡?̅? + ω̅𝑝                                                       2-5 
 
∆𝜎
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Consequently, the present fracture process can be reduced to a linear Kalman system[74] with 
output observation value of F, the input pure signal of tF , the observation noise of p , and the 
transition (amplifier) factor of Gp. Utilizing the experimental values of (𝑡?̅? , Δt) and (𝜎𝐹, Δσ), the values 




in MPa of (ω̅𝑝, Δω)=(17.2, 0.96) can be calculated. The experimental data are relatively close to the 
values in MPa of (ω̅𝑝, Δω) = (19.6, 0.80) extracted directly from the raw data of Fig. 2-3. 
Therefore, noise ωp can be confirmed to follow the Gaussian given by 
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Also, as both probability density functions of p1(tF) and p2(p) can be formulated by the normal 
Gaussian function, the probability density function p3(F) of the output F can be obtained by the 
integral convolution: 
                                                     𝑝3(𝜎𝐹) = ∫ 𝑝1(𝑡𝐹)𝑝2(𝜎𝐹 − 𝐺𝑝𝑡𝐹) 𝑑𝑡𝐹
∞
−∞
                                    2-8 
 
Eq. (3) can be confirmed by putting Equations. (2-2) and (2-7) into Eq. (2-8). Thus, the linear 
transformation maintains the fracture behavior distribution to be symmetric fitted well by Gaussian 
function. In the nonlinear case, the strength F is calculated by 𝐺𝑝𝑡𝐹
𝑛 + 𝜔𝑝, the skewness of the p3(F) 
is negative when n<1 and positive when n>1. Then the fracture time distribution inclined forward or 
backward, being fitted well by a derivative Weibull function. 
It should be noted here that conditional probability p(σF|tF) of the fracture strength probability 
density function under a fixed fracture time, tF is given by the substitution of ωp = −σF + GptF, 𝜔𝑝 =





2Δ2t into Eq. (2-7) . By Bayesian's theorem [76] the conditional 
probability density function p(tF |σF) for tF, under a fixed F, is given: 
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Where 𝑝(𝑡𝐹|𝜎𝐹) is posteriori and p1(tF) is priori condition density functions of tF, respectively. The 
conditional probability density function p(σF|tF) for F, conditioned on a fixed time value of tF, is 
identical with the density p2(p) for p centered around GptF. The density function 𝑝(𝑡𝐹|𝜎𝐹) can be 
calculated by substituting of Eq. (2-2), (2-3) and (2-7) into (2-9) as follows: 
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Then its average is nearly the same with the least square estimation of tF, as below 





(𝜎𝐹 − 𝜎𝐹)            2-11 




According to a linear Kalman filter analysis [74], Btˆ  is corresponding to the maximum 
likelihood estimation [77] of tF. The minimum square average of the estimation error BB tte ˆ−  is 
identical with the dispersion of  𝑝(𝑡𝐹|𝜎𝐹), giving 
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Therefore, the fracture time when a material is stretched under a fixed stress can be predicted 
according to eq.2-10. Which is related to the fundamental information for the probability distribution 
of creep fractures. The deviation, Δ, of 𝑝(𝑡𝐹|𝜎𝐹) is estimated to be 7.0 s, which is much smaller than 
the deviation Δt=19.1 s of p(tF). In addition, with the increasing of values of σF, the average fracture 
time, tF increases and the distribution of the curve of 𝑝(𝑡𝐹|𝜎𝐹) is much narrower than that of p(tF). 
The computational results of the probability density function of 𝑝(𝑡𝐹 |𝜎𝐹) under some condition are 
shown in Fig. 2-8. 
 









In this chapter statistical analysis on the nature characterization of tensile fracture data scatter for 
iPP materials with high ductility and extension was implemented. The nature of the data scattering of 
the fracture behavior (fracture time, strength, fracture toughness) were simulated by symmetric 
Gaussian distributions. To estimate the real intrinsic tensile fracture behavior, the data were all 
collected from more than 100 times similar tensile tests by the double-edged notched specimens.  
The symmetric distribution of the fracture behavior strongly indicates that the fracture nuclei 
initiated homogeneously beyond yielding, with the existence of the homogeneous fracture events in 
terms of both fracture position and time, thus turns to follows a Gaussian curve in a stochastic fracture 
process according to the central limit theorem.  
In addition, the conditional probability of the fracture time under a fixed stress can be calculated 
utilizing the linear relationship between the stress and elongation time in the strain hardening region 
(post-yielding region). Consequently, the fracture probability of the fracture time under the application 
of any stress can be simulated. Which will offer important information for the designation of the 
material reliability and lifetime based on the actual circumstances.  
 
 




3. Statistical Analysis on the Tensile 
Speed Dependence of Ductile Tensile 
Fracture 
Abstract: The speed dependence of the statistical ductile fracture behavior (fracture time, 
strength, fracture toughness) of isotactic polypropylene solids at room temperature was investigated. 
Each tensile test was performed more than one hundred times, and the statistical fracture time behavior 
data were examined as a function of tensile speed . All probability density distribution curves of ductile 
fracture behavior were simulated well by Gaussian statistics. As the increasing of the tensile speed, 
the fracture time tended to decrease and proportional to the tensile speed, and the average strength 
increased slightly, whereas the fracture toughness was independent of the tensile speed. A 
mathematical entity of the fracture behavior was detected as the discovery of the analogy between the 
ductile fracture behavior of the polymer material and particle Brownian diffusion.  
3.1.  Introduction 
In the load–time or stress–strain curve under uniaxial tension, materials such as ceramics, metals, 
rubbers, and plastics have wide variance in their fracture point. The variance is the essential property 
of the fracture behavior, not the experimental error. Therefore, the characterization of the fracture-data 
variance plays a critically important role in determining the lifetime and reliability of the materials 
[78]. Theoretical and experimental statistical researches on the data variance of brittle failure in 
ceramics, metals, rubbers, and/or plastic-based composites have been performed abundantly 
[12,57,66,79–85]. While it is very rare of the data on the statistical analysis of ductile tensile fracture 
behavior for commercial polymers [69,86,87]. The statistical phenomenon of ductile fracture behavior 
of plastic materials was focused on in this work.  
Brittle fracture behavior take place before the yield point, need only a comparatively low fracture 
energy (fracture toughness), and is relative with highly localized crazing spreading perpendicular to 
the tensile direction [3,61,88]. Inversely, ductile fracture needs a comparatively high fracture energy, 
take place after yielding and necking process, and is associated with randomly appeared craze-like 
cavities that are along the tensile direction [7,9,10,60]. 
Typical commercial plastics, such as isotactic polypropylene (iPP) and polyethylene are 
semicrystalline with high drawability, without the property of which for ceramic and metallic materials. 




Via the crystallization process, these polymeric materials change to form spherulitic structures in 
which the stacks of crystalline lamellae and amorphous layers radiate from the center when solidified 
from a melt. The high drawability for the polymer material is triggered by neck propagation beyond 
yielding in which a lar scale structure transformation from isotropic spherulite to oriented fibril 
structure appears, accompanied by a rearrangement of the stacked crystalline layers [89,90]. Therefore, 
the large-scale macroscopic morphological reorganization from isotropic spherulitic to orientated 
fibril structures takes a great important role in the ductility of semicrystalline polymeric materials. 
The neck initiates from yield point and propagates throughout the gauge region of the specimen. 
Once the neck region spread to the entire gauge region of the specimen, an upsweep phenomenon 
occurs in the stress–strain curve, which is defined as strain hardening [91], and the stress continues 
increasing until the occurrence of fracture behavior. The neck propagation in a typical dumbbell-
shaped specimen is often extremely related to the ultimate variables such as the dimension and 
configuration of the test specimen, the elongation at break or fracture time. This is as the reason that 
the time to fracture or the elongation at break will be extended by the initial gauge length of the test 
specimen. Formerly, double-notched specimens is utilized to eliminate the ultimate elongation owe to 
the ignorable neck propagation [92]. On the other hand, for the notched specimens, the necking 
constitutes spreading throughout the entire gauge portion immediately after the initiation of necking 
phenomenon [87]. Therefore, a virtually complete strain-hardening deformation occurs immediately 
after initial elastic region and the yield region. As a result that the fracture point can be intrinsically 
determined after the uniform deformation throughout the tensile test. 
Statistical analysis was utilized to characterize the variance of the ductile fracture data for iPP 
specimens of double-notched shape in my previous paper [87,93]. The data got from more than one-
hundred tensile tests showed symmetric distribution and were simulated by a typical Gaussian 
distribution to quantify the data distribution. It implies that many fracture nuclei initiates 
homogeneously beyond yielding; and localizes fracture events occurs incoherently according to the 
result of symmetric Gaussian fits of the fracture feature distributions. Based on the central-limit 
theorem [75], a sum of independent random variance with arbitrary distribution converges to the 
Gaussian distribution. It turns out that the stochastic fracture process take place randomly in which 
fracture nuclei initiates homogeneously, followed by the appearance of a large number of fracture 
events. 
A stochastic differential equation turns to be a proposal to quantify the mathematical nature of 
the fracture-behavior distribution to express the statistical variance of the tensile fracture time for iPP 
specimen. Furthermore, the analogy between the fracture time distribution and Brownian diffusion 
within the framework of quantum-mechanical propagators is discussed. The stochastic analysis and 
characterization for the ductile fracture behavior of commodity semicrystalline polymeric materials is 




pretty importance to determine the reliability and prediction for their extension to engineering and 




A commercial grade iPP of molecular weight Mw = 3.9 × 105 and molecular weight distribution 
index Mw/Mn = 5.0 was used in this work. iPP sheet were prepared by compression molding at 230 
◦C for 5 min; and quenched into boiling water (100 ◦C). The thickness of the samples was controlled 
to be about 200μm and the crystallinity was estimated to be 59±1 vol% from density data.  
Double-edge-notched specimens were cut from the sheets for tensile measurements. Two 
different specimen shapes had been employed with gauge length of L0 = 2 mm and 4 mm, and similar 
width of 4 mm and thickness of 200±20μm. More than 100 times uniaxial tensile test were performed 
under each condition for both specimens at room temperature by a compact tensile tester (DAT 100B, 
Abecks, Kanazawa, Japan.).  
The tests were performed at the tensile speed ν from 15 mm/min to 70 mm/min. The fracture time 
and the tensile strength (stress at break) were extracted directly from the load-time curves under the 
tensile tests. Stress values were calculated from the division of the tensile load by the initial cross-
section area. Tensile toughness values were calculated by the total area below the stress-strain curve 
in which the strain can be converted by the division of the tensile speed by the gauge length. The 
physical meaning of the fracture toughness is the total energy unit volume required for the tensile 
fracture [94]. 
The statistical aspects for tensile fracture by more than 100 times tests under each tensile speed 
was examined. The data internal from each tensile test was statistically calculated by taking the number 
of classes to be 10, which corresponds to the square of the sample size. The distribution analysis of 
the fracture data was simulated automatically and manually by the commercial software OriginPro 8 








3.3. Results  
    The distribution curves of the fracture time for both specimens with gauge length of L0= 4 mm 
and 2 mm are exemplified in fig.3-1. More than 100 times tests with a fixed cross-head speed were 
measured to get the stress-elongation time curves. What is more, a clear drop in the yield region, 
followed by stress-hardening without necking are shown in all time-stress curves. The distribution of 
fracture is a near symmetric function with the time skewness values of tF being almost around 0 
(0±0.15). Therefore, the probability distribution data of the fracture time were all fitted well by a 
typical Gaussian distribution, unlike the one of brittle materials, which change to be fitted by the 
asymmetric Weibull distribution function [95]. It is also obvious that the mean and variance of fracture 
time decreased with the increasing of the tensile speed for both specimens. 
      
 
Fig. 3-1:Probability-density distribution of fracture time for iPP specimens with gauge lengths of (a) 
2mm and (b) 4mm. Symbols are experimental data and solid curves are the best Gaussian fit. 
 







Fig. 3-2: (a) Average fracture time vs. L0/ν and (b) standard deviation vs.1/ν for iPP specimens with 
gauge lengths of 2 mm and 4mm. 
 
In fig.3-2, the results of the average and standard deviation values of the fracture time correspond 
to the tensile speeds are summarized. All the average values fall on the same line by plotting against 
L0/ν, which is L0 times of the reciprocal strain rate. Whereas the standard deviation value is only 
proportional to 1/ν and independent of the gauge length L0.  
In fig. 3-3, the tensile strength distribution curves for both specimens are summarized. The 
average tensile strength values for the specimen with L0 = 2 mm is different from ones of the specimen 




with L0 = 4 mm when compared at similar strain rate. The tensile speed dependence of the variance of 
tensile strength is small for the specimen with similar gauge length. The average strength values of 
the specimens with gauge length of L0 = 2 mm measured at 22.5 mm/min (or 30 mm/min) were 31.9 
(or 32.1) MPa, whereas ones of the specimen with L0 = 4 mm measured at 45 mm/min (or 60 mm/min) 
were 37.6 (or 38.1) MPa. There exists an apparent gap between the fracture strength for the specimen 
with different gauge length although these nominal strain rates are similar, ν/L0 = 0.188 s−1 (or 0.25 
s−1). Fig. 3-4 summarizes the average and standard deviation values of the experimental strength for 
both sets of specimens. These data can be concluded that the gauge length affect the strength much 
more than the tensile speed or strain rate. The fracture strength increase apparently with the increasing 
of the gauge length, while do not change obviously due to the tensile speeds. 
 
 
Fig. 3-3：Fracture strength probability-density distribution for iPP specimens with gauge length of 
2mm and 4mm. 
 





Fig. 3-4：Average and standard deviation of fracture strength correspond to the elongation speed for 
iPP specimens with gauge lengths of 2 mm and 4mm. 
       
3.4. Discussion 
There is a proportional relationship between L0 times of reciprocal strain rate L0/ν and the average 
fracture time t𝐹 as shown in Fig. 3-2(a). As a result, it can be written as the following empirical 
relationship: 
                              t𝐹   = 𝜖0L0 ν⁄                                  3-1 
where ε0 (= 9.28) is a dimensionless positive constant. The fracture time will increase with the longer 
of the gauge length as the stretch in time consumption up to the fracture point. 
The increasing tensile speed will cause the narrower of the fracture behavior distribution width. 
As shown in Fig. 3-2(b), the standard deviation of fracture time ∆t is almost proportional to the 
reciprocal tensile speed and independent of the gauge length. It can be obtained as below: 
                                    ∆t = δ0/v                                   3-2 
where δ0 (= 3.0 mm) is a positive constant with a distance dimension. Here a dimensionless variable
α(= δ0/L0) is introduced. As a result, the probability-density function (PDF) of the fracture time can 
be expressed in terms of the quantityτ= L0/ν with a time dimension as: 
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Here, τ is termed as the specific time, which is L0 times of the inverse of nominal strain rate ν/L0. In 
the tensile tests, the specific time τ has a time limit Tf (<∞) as the tensile speed ν is above zero. In 
other words, the tensile test will not be carried out when the tensile speed is 0 (ν = 0). When the tensile 
speed is limitless large enough (ν → ∞), the limit of the specific time is given by τ = 0−. Hence, it can 
be assumed that the initial condition tF = 0 when τ = 0.  
The fracture phenomenon takes place during the tensile process with the probability of being one, 
which can be allowed to analyze the time stochastically when the material breaks at constant tensile 
speeds. Make the {T (τ)} to be a stochastic process of fracture time tF ∈ T (τ), with a collection of 
stochastic variables T (τ) with τ ∈ [ 0, Tf]. Therefore, the fracture time is an element of the set {T (τ)} 
with a finite stopping time Tf and can be written as T (τ) =tF. If it is considered that the PDF of the 
fracture time results from diffusion with a drift component, Eq. (3-3) is totally satisfied to follow the 
stochastic difference equation (SDE) for the variable T (τ):  
dT (τ )  = ϵ0dτ +  √2α2 τ  dB (τ )                         3-4 
where {B (τ), τ ≥ 0}is standard Brownian motion which is known as the continuous time limit of the 
random walk (Wiener process). Brownian motion is a continuous-time stochastic process and nowhere 
differentiable with respect to time. In short, it can’t be taken the limit in the ordinary sense as τ → 0 
although the increment in standard Brownian motion {B (τ)} is given by ∆B (τ) = B (τ + ∆τ) − B (τ). 
 
 




= 0.1. The dotted line denotes the trend (average value). 




The derivative dB (τ) can be regarded mathematically as the differential form of  𝑑√τ in the 
stochastic process. Then, the stochastic variable {T (τ)} of the fracture time can be expressed as below: 
T (τ )  =  ϵ0τ + ∫ √2α2 τ ′
τ
0
𝑑√τ ′                         3-5 
The left term is the result of the ordinary Riemann integral and the right term is the Itô integral [96], 
which is got by n−1∑ √2α2τ𝑘(B (τ𝑘+1) −  B (τ𝑘)) 
𝑛−1
𝑘=0  (B (τk+1) − B (τk)), where the specific time 
interval [ 0, Tf ] is divided into extremely huge n subintervals τk = kTf /n.  
Eq. (3-3)is the unique solution of the SDE; and the stochastic process {T (τ)} of fracture time 
turns out to be a one-dimensional Itô process. It can be confirmed that the average process gives the 
equation of E [T (τ)] = ϵ0τ and the variance process gives the equation of V [T (τ)] = (ατ) 
2, which 
corresponds to Eqs. (3-1) and (3-2), apparently. This implies that the ductile fracture behavior is the 
analogy of the Brownian motion. It means that the ductile fracture behavior has a mathematical entity 
and can be considered as an ensemble of identical diffusion processes in which the fracture events is 
correspondent to the diffusion particles, the fracture time tF is the analog of the diffusion distance of a 
particle; and the specific time τ (= L0/v) is the analog of the diffusion time. In fig. 3-5, the simulation 
results of Itô process are indicated. Thus, the SDE can be reduced to a Fokker-Planck type differential 
equation according to the Feynman–Kac formula [97].  
Brownian motions are a special class of diffusion processes. While, the values of τ (or L0/ν) are 
not continuous but the sequence of τ exists in a discrete time domain. In this chapter, the sequence {T 
(τ)} is regarded to be a continuous-time one-dimensional Markov process which is defined on the real 
line R. The increment ∆T (τ) = T (τ + ∆τ) − T (τ), where ∆τ > 0 is extremely small, independent of 
each other, but depends only on the value of T (τ) at τ. This seems to be an independent increment 
process. 
 A concept called ‘‘martingale’’ based on a sequence of random values exists in probability 
theory [98], which plays an essential part in the prediction of the statistical properties of Brownian 
motion and/or random walk. In the martingale model, the current observed value is equal to the next 
followed future value in the sequence even with knowledge of all prior observed values. The right 
term in Eq. (3-5) can be confirmed mathematically to be continuous; but it is different nowhere with 
a probability of one. In addition, this term was also indicated to yield a non-stationary independent 
increment process. Therefore, the right term (Itô integral) may have such a martingale property. 
The left and right terms in Eq. (3-5) are corresponding to the increasing and martingale processes, 
apparently. The trend (or drift) is represented by the coefficient ϵ0 of the increasing process and the 
diffusion coefficient turns out to be √2α2τ. The left term ϵ0τ can be decided once the tensile speed of 
the machine is fixed to be a finite value for a specimen, which indicates that the left term of Eq. (3-5) 
becomes predictably finite. Thus, this decomposition is almost surely unique according to the Doob–




Meyer decomposition theorem [98–100]. The right component in Eq. (3-5) becomes a non-predictable 
local martingale; and {T (τ), τ ∈ [ 0, Tf]} turns to become a submartingale.  
According to the results of mathematical analysis mentioned above, it can be realized that the 
solution for Eq. (3-5) is unique, no other solutions exist. Once the tensile speed and the gauge length 
are adopted into Eq. (3-4) or (3-5), the average and variance of the fracture time can be determined. 
As the process {T (τ)} is a submartingale process with a drift of ϵ0τ, with information ranging from 0 
to τ , the conditional expectation of T (τ + ∆τ) becomes:  
                E [ T (τ + ∆τ) | T (ω), 0 ≤ ω ≤ τ] = ϵ0∆τ + T (τ)                         3-6 
In eq. (3-6), it can be implied that the expected fracture time value at a tensile strain rate (τ + ∆τ) −1 is 
about the current T (τ) value. Moreover, as the PDF solutions of the fracture time is fitted well by the 
Gaussian distribution, it can be inferred that the microscopic fracture events occur spontaneously 
throughout the specimen based on the central limit theorem. As a stochastic result, the occurrence of 
the homogeneous fracture-event nucleation predicts that the number of fracture events, like micro-
crazing and void-opening is proportional to the reciprocal tensile speed ν−1 and the gauge length L0.  
The trend coefficient ϵ0 is associated directly to the fracture time tF, but independent of specific 
time τ (= L0/v) and the gauge length L0. The fracture time at a fixed tensile speed is proportional to 
the gauge length of the specimen. The trend parameter ϵ0τ is regarded as a stochastic system and 
intensity with a constant trend coefficient in a homogeneous process in stochastic theory. As shown 
below, the trend coefficient ϵ0 is similar to the average value of the fracture strain.  
The PDF of the fracture time pt (tF; τ) is demonstrated to be determined uniquely from the SDE 
equation (3-5). Variance such as tensile time t, strain λ, and the gauge length of section L are 
interconnected by dL = νdt = L0dλ under constant tensile speed ν. Thus, the PDFs of the fracture strain 
λF and the fracture elongation ∆LF can be reduced from pt (tF; τ ) utilizing the relationship ptdt = pλdλ 
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As a result, both PDFs are the unique solution of the SED of the fracture time, turning out to be 
the following interesting results. The average of the fracture strain is given by ε𝐹  = ε0; and is 
independent of the gauge length L0 and tensile speed ν, whereas its standard deviation α (= δ0/L0) is 




conversely proportional to the gauge length L0. In addition, the average value of the facture elongation 
is proportional to the gauge length L0, given by ∆𝐿𝐹 = 𝜀0𝐿0; and its standard deviation δ0 is constant. 
The Gp values which is the slope of the strain-hardening region of both sample specimens fall on 
the same linear line from the 0 point as shown in Fig. 3-6, and given as an empirical relation: 
Gp = ηpν                                  3-9 
where ηp is a positive constant. Then Eq. (2-4) can be rewritten as: 
σ = ηP νt + ωp                                                3-10 
According to the equation above, the strength are proportional to the nominal fracture strain ε. In 
the vicinity of the fracture point, the stress-hardening modulus [91,101] is corresponding to ηpL0/3 and 
the intercept ωp is corresponding to the yield stress [102]. The standard deviation values ∆ω of ωp were 
estimated to be within 0.7 to 1.5 MPa, independent of ν and L0. Thus, it can be considered that this 
fluctuation of ωp is experimental noise and Gp exhibits no fluctuation. Thus, this process can be treated 
as a well-known Kalman filter problem [74]. The strength stochastic behavior can be obtained from 
the stochastic fracture time added with ωp and Gaussian noise via the linear relationship of Eq. (3-10). 
The average σ𝐹 and variance ∆𝜎
2  of strength can be formulated: 
σ𝐹  = 𝐸[G𝑃t𝐹 + ω𝑃 ] = 𝜂𝑃𝜖0𝐿0 + 𝜔𝑃                3-11 
 
∆𝜎
2 = 𝐸[(σ𝐹 − σ𝐹) 
2 ] = 𝜂𝑃
2 𝛼2 + Δ𝜔
2                 3-12 
 
where ω𝑃 is the average value of the intercept ωp. Hence, the average strength is positively dependent 
on the gauge length and strength variance is independent of the gauge length. If the relationship 
between the elongation time and strength is along a nonlinear line like concave or convex curve, the 
skewness of the distribution will be negative or positive, respectively; and the distribution will be 
fitted well by the derivative Weibull[103]. In the other words, the Gaussian PDF of strength is as the 
result of the linear relationship with the fracture time (see Eq. (2-4)). 
According to the empirical equation, ∆σ is independent of the gauge length and the tensile speed; 
and σF was dependent on L0 but independent of ν (see Fig. 3-4). The increment in average fracture 
strength with gauge length is the reason for the prolongation of fracture time, i.e. increments in strain. 
 





Fig. 3-6：Strain-hardening slope coefficient Gp plotted against tensile speed for iPP specimens with 
gauge length of 2 mm and 4 mm. 
There are various definition for the concept of mechanical toughness, one is defined as the tensile 
toughness which is the energy per volume required to break the specimen as shown below[94]: 
                          U𝐹 = ∫ σ (λ)dλ
𝜆
0
                              3-13 
The tensile toughness is a parameter of the ability of a material withstanding an applied extrinsic 
energy . The average and the standard deviation value of the fracture toughness are almost independent 
of the tensile speed in spite of different gauge lengths as shown in Fig. 3-7. This independency 
indicates that the fracture toughness is an intrinsic characteristic and a criterion for fracture even under 
the tensile condition mentioned in this chapter. Thus, once the stored energy under tension arrive at a 
critical value, fracture events occur. Therefore, it seems that the statistical uncertainty or fluctuation 
of the critical energy values causes probabilistic characteristics of the fracture events. This discovery 
consists the theoretical results [71] that the separation between adjacent aligned extended chains under 
tension take place when their stored energy level gets to a finite toughness value, and this trigger 
embryos for tensile fracture. 





Fig. 3-7：Average and standard deviation of toughness for iPP specimens with gauge length of 2 mm 
and 4 mm. 
  





Statistic analysis was utilized to simulate the distribution of the tensile-fracture data for the high 
ductile iPP materials. A symmetric distribution of which the data are from over 100 tensile tests were 
analyzed by Gaussian function to quantify the nature of the data variance. Instead of dump-bell shape, 
double-edged notched specimens were utilized to estimate the intrinsic fracture events under uniaxial 
tension.  
The main experimental results are summarized as follows. (1) The average and standard deviation 
value of the fracture time are conversely proportional to the tensile speed. The fracture time increases 
monotonously with the lengthen of the specimen gauge length. (2) The average fracture strength is 
dependent on the gauge length, the longer of the gauge length the larger of the average strength，while 
not sensitive to the tensile speed. (3) Fracture toughness is an intrinsic characteristic that is 
independent of the extrinsic conditions such as the gauge length and tensile speed, which implies that 
fracture toughness is the criterion of the fracture events. In addition, the fluctuation in tensile-fracture 
data are inferred to be caused by the uncertainty in critical energy. 
As a result, a stochastic differential equation for the tensile fracture time via the tensile speed 
dependence is discovered. A function of specific time (or reciprocal of strain rate) with a sub-
martingale property with non-stationary independent increments can express the stochastic variance 
of fracture time. The average and standard deviation of the fracture time can be obtained under any 
tensile speed. Also, it should be emphasized that there is no possibility to precisely infer the fracture 
time under a fixed tensile speed, even knowing all data about the molecular and structural damage 
under tension and removing all experimental errors completely. 
The fracture time of typical dumbbell-shaped specimens is longer than the one of notched 
specimens. Hence, the fracture time and/or strain and elongation at break of typical dumbbell 
specimens can be estimated by the fracture time data for the double-edged specimens added with the 
necking propagation time. An advantage of describing the fracture time distribution in the formulation 
is possible to provide the probability density function (PDF) of the strength under any external loading 
condition. From the consideration of material reliability [79], it is much more important to have a 
knowledge about the ultimate strength data distribution instead of the average value. As the stochastic 
data of fracture-time PDF can transform the strength values in the strain-hardening region, the strength 
distribution of typical dumbbell specimens can be calculated uniquely from the fracture-time PDF 
obtained by utilizing the double-edged notched specimens. 
Throughout this chapter, stochastic approaches have been demonstrated to put a mathematical 
insight into the ductile fracture behavior distribution of iPP. That polymer species and structural 




organization determine the empirical control parameters such as ε0, δ0 (or α) and ηp in this stochastic 
analysis, and molecular morphology is also applicable to other ductile polymer solids. In addition, it 
has been demonstrated that an analogy of the mathematical mechanism exist between the ductile 
fracture of polymer solids and particle Brownian diffusion. Similar applications of the stochastic 
differential equation and martingale concept mentioned in financial engineering [97,104,105] have 
been found. The method and the concepts obtained from these stochastic approaches are considered 
to be applied to the data scattering or distribution in the mechanical behavior of polymeric materials 
to ensure the material to be used safely. 
 
  




4. Effects of intrinsic and extrinsic 
conditions on stochastic characteristics 
of fracture in Polypropylene  
 
Abstract: The ductile and quasi-brittle statistical fracture behavior of isotactic polypropylene 
solids under various intrinsic (crystallinity degree) and extrinsic (high tensile speeds and specimen 
thickness) conditions at room temperature was investigated. Tensile tests for each condition were 
performed more than one hundred times. Compared to the probability distribution curves of the ductile 
fracture behavior following Gaussian statistics that has been confirmed, the thicker, higher 
crystallinity specimens and the one tested at high tensile speeds, their asymmetric probability 
distribution curves of fracture time, ultimate strength and fracture toughness can be fitted well by 
Weibull distribution. Moreover, the one caused by extreme extrinsic condition lean to left, the one 
caused by intrinsic condition lean to right. Therefore, brittle-ductile transition phenomenon under 




Semi-crystalline polymers such as isotactic polypropylene (iPP) and polyethylene (PE) materials 
show a higher ductility including yielding, necking and strain-hardening under usual tensile conditions. 
However, as well know, the transition of ductile-brittle fracture occurs at lower temperatures [92], 
thicker thickness [28], higher tensile speeds[92], and/or higher crystallinities [106]. According to the 
contribution of plastic deformation under tensile extensions, the facture feature can be roughly 
categorized as brittle and ductile, in which the two categories can be distinguished by whether yielding 
and necking is accompanied or not. However, the fracture feature of these semi-crystalline polymers 
cannot be easily classified as either ductile or brittle. This is because high density PE materials are 
broken in a brittle fashion at higher strain rate and lower temperatures but show a clear yield peak. In 
this case, we call here it the quasi-brittle [92]. In addition, the effect of the increase in the crystallinity 
on the fracture behavior was confirmed to be similar with the effect of the decrease in temperature 
[107]. In general, the brittle fracture is caused by the stress-concentration on the weak point in the 




deformed matrix. This quasi-brittleness may result from stress concentration on the amorphous phase 
between stacked crystalline lamellae which are organized to be align to the stretched structure.  
Over the past decades, statistical aspects of fracture processes in plastics, rubbers, metals, 
ceramics, fibers and composites have received attention according to the demands of engineering 
applications. The statistical data thus obtained plays a critical role in materials design for the purpose 
of ensuring of high reliability and longevity [12,57,66,79–85]. On the other hands, the structural 
mechanisms and models for the brittle or quasi-brittle fracture have been comprehensively and 
extensively studied in particular by Zdenek, Bazant [57] and Pheonix [79] et al. Furthermore, Bazant 
et al suggested that the size of the specimen of brittle and/or quasi-brittle materials strongly affects the 
mechanical type of the distribution function of the strength. Their work has focused on the 
probabilistic formulations for practical assessments of the uncertainty in strength predictions on the 
basis of the classical weakest link theory [108]. The distribution of strength in the brittle fashion has 
been analyzed using asymmetric Weibull distribution functions.  
Ductile semi-crystalline polymers have recently been expected to extend to the engineering and 
industrial applications. However, very little studies have been performed such statistical analysis of 
ductile fracture behavior in typical tensile tests for commodity plastics. In the preceding chapter 2 and 
3[87,109], iPP was chosen as the typical model material of plastic materials to demonstrate the 
statistical aspect of ductile fracture behavior. The statistical analysis was applied to quantify nature of 
fracture data scatter in a ductile fashion for iPP with Gaussian distribution but not Weibull distribution 
which often adopted for brittle or quasi-brittle fracture distribution.  
The present work in this chapter deals with the comparison of statistic aspect of ductile and quasi-
brittle fracture features which are under various intrinsic conditions such as crystallinity and thickness 
as well as the extrinsic conditions high tensile speed. This chapter explores the brittle-ductile transition 
under tension for polypropylene materials from a statistical point of view.  
 
 
4.2. Experimental  
 Materials and Sample preparation 
In this work, a commercial grade of iPP with molecular weight (Mw)=3.9105 and molecular 
weight distribution index (Mw/Mn) =5.0 was used. The iPP sheets were prepared by compression 
molding at 230C for 5 min, and quenched in boiling water (100C) for 5 min. The crystallinity value 
was estimated from the density data. The crystallinity in volume fraction χv of the iPP sheets was of 
59±1 vol%. The iPP sheets with the thicknesses of 100 μm, 200 μm, 400μm and 500 μm were prepared. 




The fluctuation of the thickness was within ±20 μm. For comparison, iPP samples with crystallinities 
of 64±1 vol% and 70±1 vol% were prepared by annealing of 120C for 3 hours and 150C for 3 hours, 
respectively. The spherulite radius values of sample specimens were obtained from small angle light 
scattering. The long period of these sheets was determined by small-angle X-ray scattering (SAXS) 
measurements. The melting temperature Tm was estimated from differential scanning calorimeter 
(Diamond DSC, Perkinelmer Japan). The structural characteristics of the samples was summarized in 
Table 1. 
 












#1 59 100 16.3 162  23.3 ± 0.7 
#2 59     200 16.3 162  22.8 ± 0.8 
#3 59 400 16.3 162  23.4 ± 0.7 
#4 59 500 16.3 162  22.9 ± 0.8 
#5 64 200 18.7 162  19.7 ± 1.2 
#6 70 200 22.4 162  17.5 ± 0.8 
 
  
 Materials and Sample preparation 
In this chapter, the same ipp sample used in chapter 2 and was used. The four iPP sheets with the 
thicknesses of 100 μm, 200 μm, 400μm and 500 μm were prepared by compression molding at 230C 
for 5 min, and quenched in boiling water (100C) for 5 min. The crystallinity value was estimated 
from the density data. The crystallinity in volume fraction χv of three iPP sheets was of 59±1 vol%. 
The fluctuation of the thickness was within ±20 μm. For comparison, iPP samples with crystallinities 
of 64±1 vol% and 70±1 vol% were prepared by annealing of 120C for 3 hours and 150C for 3 hours, 
respectively. The spherulite radius values of sample specimens were in the range of 8-15 μm estimated 
from small angle light scattering. The SAXS long period of these sheets was 16.3 nm for the iPP sheet 
with 59% crystallinity; and increase to 22.4 nm as the crystalline increase. The DSC melting 
temperature Tm was 162C). All the structural characteristics of samples was summarized in Table 1. 
 




 Characterization methods 
The density was estimated using the Archimedes method via a METTLER electrobalance XS205, 
with ethanol as the solvent. Densities of the crystalline and amorphous regions used in the crystallinity 
calculation were taken as 936 and 854 kg m−3, respectively [110,111]. 
The DSC measurements were carried out using a Perkin Elmer Diamond DSC to obtain the 
melting temperatures of the samples. Samples of the weight of about 3 mg were cut from the sheets 
prepared for the measurements, were sealed in aluminum pans, and were heated from 323 to 473 K at 
20 K min−1. 
A polarized light optical microscope, BX50 (OLYMPUS), was used to macroscopically observe 
the deformation features in the region closed to the fracture cross-section of drawn sample specimens. 
The lamellar periodicity of the sample specimen and the void distribution characteristics of 
deformed specimen (sample cavities) were measured by SAXS. The SAXS measurement instrument 
consist of a Rigaku/SAXS (Model Nano-Viewer, Japan) system and a humidity generator (Model 
HUM-1). Experimental conditions were as follows: The Cu-Kα X-rays were operated at 40 kV and 30 
mA for 30 minutes for each measurement with three slits and the camera of 700 mm length. The X-
ray scattered intensities was collected by using a blue imaging plate. 
 
 Tensile tests 
One double-edged notched specimen with a gauge length (4 mm) and width (4mm), were cut 
from each sample sheets. The precise shape of the specimen was shown in Fig. 2-1. The fracture data 
were omitted as an experimental error when the specimen was broken at its edge; and collected only 
the fracture data for specimens broken at the gauge part. More than 100 specimens were tested for 
each experimental condition. 
The stochastic analysis method for the scattering of the tensile fracture data at low tensile speeds 
were described in the section 4 of chapter 3. Compared to which, the effect of high tensile speeds on 
the fracture events were studied at the speeds of from 45 mm/min to 170 mm/min at 25 C.  
The fracture strength was determined by dividing the tensile load at break by the initial cross-
section area. The values of fracture toughness were calculated from the total area up to the break point 
below the stress-strain curves, in which the strain was nominally converted using the gauge length and 
the tensile speed. The physical meaning of the tensile toughness is the total energy required for the 
tensile fracture per original unit volume[107]. 
 




 Scanning electron microscopy (SEM) 
SEM images were recorded of the surfaces characteristics of fracture specimens using S-
4500(HITACHI) microscope.  A section of iPP specimens fractured under various tensile conditions 
was chemically etched using oxidizing acids (KMnO4/H3PO4/H2SO4). The sputter coating was took 
with gold using E-1030 Ionsputter (HITACHI). 
 
 Polarized light optical microscopy (POM) 
A polarized light optical microscope, BX50 (OLYMPUS), was also used to observe the original 
and deformation features on the surface of the specimens in various magnification. 
 
4.3. Results and discussion  
 Tensile speed dependence 
In chapter 2 and 3, we have exemplified the stress-elongation time curves of the double-edged 
notched specimen with a gauge length of L0=2 mm and L0=4 mm at a tensile speed of 15 mm/min to 
70 mm/min for 100 times under similar tensile condition.  All the curves showed a clear drop in the 
yield region, followed by a linear increase in the stress-hardening region before the break. In addition, 
the fracture behavior exhibited a wide scatter and whose probability density distributions of fracture 
time, fracture strength, fracture toughness turns to be symmetric, and can be fitted well by Gaussian 
function.  
Fig. 4-1 compares the probability density distributions (PDF) of the fracture time data measured 
at the speeds from 45mm/min to 170 mm/min. The fracture time distribution at speeds of from 45 
mm/min to 140 min were symmetric and were fitted well by the typical Gaussian distribution with the 
skewness values around 0 which are shown in table 2. The results is the same as the results has been 
mentioned at lower and conventional elongation speeds.[109]. On the other hand, the asymmetric PDF 
of fracture time at 170 mm/min lean to left with the skewness value of 1.39, and the distribution curve 
is inclined forward with respect to the fracture time and is fitted by the derivative Weibull curve. 
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where p(x) is the probability density function (PDF) of fracture time x, and φ is scale parameter, and 
γ is shape parameter. Thus, a transformation from Gaussian PDF to Weibull one in considered to 




occur at a tensile speed between 140 mm/min to 170 mm/min. This transformation seems to be 
associated with the ductile-to-brittle transition. The forward incline toward the shorter time at a high 
tensile speed may be caused by the shrinking time domain due to approaching the time to 0. 
 
  
Fig. 4-1: Probability density distribution of the fracture time at the tensile speeds of 45mm/min to 
170mm/min. Symbols denote the experimental data. 
  




Table 2: Speed dependence of fracture data. 
L0 c TNK. v 𝑡?̅?  Δt α3 of  
𝑡𝐹  
𝜎𝐹 Δσ α3 of 
σ 
mm % m mm/min s s  MPa MPa  
4 59 200 45 50.03 4.06 -0.16 37.55 1.96 -0.16 
4 59 200 70 33.20 2.78 0.06 38.52 1.68 0.01 
4 59 200 140 16.42 2.64 0.16 39.89 3.73 0.05 
4 59 200 170 13.28 1.99 1.39 39.63 3.28 -0.20 
L0: gauge length;  c: crystallinity;  TNK: thickness;  v: tensile speed;  α3: skewness;   
𝑡?̅? : average fracture time;  Δt: SD of fracture time  𝜎𝐹: average strength; 𝑡?̅? : average strength;   
 
On the other hand, all the PDF of the fracture strength have a skewness α3 value around 0 and 
can be fitted well by the symmetric Gaussian distribution at the tensile speeds from 45 mm/min to 170 
mm/min as shown in fig.4-2. The average fracture strength for the all the specimens is almost 38 MPa. 
While, standard deviation of the fracture strength was almost 2 MPa for the specimens tested at 
conventional tensile speeds of 45 mm/min to 70 mm/min, whereas those of the specimens tested at 
high tensile speeds of 140 mm/min and 170 mm/min were a greater value (about 3.5MPa). Moreover, 
it is interesting to note that the minimum values of the fracture strength distribution are almost the 
same being independent of tensile speeds.  
  






Fig. 4-2: Probability density distribution of the fracture strength at the tensile speeds of 45mm/min to 
170mm/min. Symbols denote the experimental data. 
 
 
The PDF of the fracture toughness of all the specimens also can be fitted well by the symmetric 
Gaussian distribution with the skewness α3 around 0 as shown in fig.4-3. It notice that fracture 
toughness variance of the specimen tested at high tensile speeds are much broader that the one tested 
at low tensile speeds. The average and minimum value of toughness data was found to be independent 
of tensile speed. The average value was 260 J·m-3 which was almost identical with that obtained at 
conventional speeds (15~70mm/min) (see figure 3-7). The standard deviation value was 54 MPa for 
the specimens tested at conventional speeds, but 90 MPa at the higher speed (170mm/min).  





Fig. 4-3: Probability density distribution of the fracture strength at the tensile speeds of 45mm/min to 
170mm/min. Symbols denote the experimental data. 
 
The SAXS 2-D pattern images which indicate the distribution of the voids taken in the vicinity 
of the fracture cross section region are shown in fig. 4-4. The tensile direction is horizontal. The pattern 
is rhombus for the ones tested at low tensile speeds; and is ellipse at high speed one (170mm/min). 
these results suggest that microscopic voids homogeneously appeared in the deformed specimen asn 
this leads to the macroscopic damage in the specimen at high strain. The precursors for macroscopic 
damage were considered to be observed by SAXS profile in the vicinity of the fractur events.  
  




   
        45mm/min              70mm/min               170mm/min 
Fig. 4-4: SAXS 2D-pattern results for the tensile speed dependence taken in the vicinity of the fracture 
cross section. The horizontal direction is tensile direction. 
 
 
The SEM images which can indicate the distribution of cavities taken in the vicinity of the 
fracture cross section region are shown in fig.4-5. The arrow direction is the tensile direction. 
According to the results, the distribution of the cavities for both specimens is homogeneous throughout 
the whole surface of the deformed specimen; and the width of the cavities of the specimen tested at 
high tensile speed is broader than the low speed one. The same results can be also confirmed by the 
POM images as shown in fig. 4-6.   
 
  










Fig. 4-6: POM images taken in the vicinity of the fracture cross section. The arrow direction is tensile 
direction. 
The macroscopic craze-like cavities aligned in the stretching direction appeared homogeneously 
being independent of elongation speeds. These results are consistent with the fact that the distribution 
of the strength and toughness followed the Gaussian curves. It is likely that the forward incline of 
fracture time distribution at 170 mm/min is caused not by statistical aspects of fracture events, but by 
the shrinkage of time domain toward 0 as the fracture time must be positive. 
 
 
 Specimen thickness dependence 
Fig. 4-7 and 4-8 summarize the fracture time and strength PDF of iPP specimens stretched at the 
speed of 45mm/min with thickness of 100μm, 200μm, 400μm and 500μmn, separately. The skewness 
value of fracture time scattering for the specimens with thickness from 100μm to 400μm are all closed 
to around 0, while turns to be -0.83 for 500μmn as shown in table 3. Thus, although the thinner three 
fracture time distribution are symmetric all fitted well by Gauss function, the thickest one inclined 
backward toward high fracture time side; and being fitted well by an asymmetric derivative Weibull 
function. The average and standard deviation value of fracture time of all specimens are almost 
constant, being about 50.0s and 4s, although the average fracture time slightly increase with increasing 
the specimen thickness.  
 





   
Fig. 4-7: Probability density distribution of the fracture time at the tensile speed of 45mm/min with 











Fig. 4-8: Probability density distribution of the fracture strength at the tensile speed of 45mm/min 
with the thickness of 100µm, 200µm, 400µm and 500µm. Symbols denote the experimental data. 
  




Table 3: Thickness dependence of fracture data. 
L0: gauge length;  c: crystallinity;  TNK: thickness;  v: tensile speed;  α3: skewness;   
𝑡?̅? : average fracture time;  Δt: SD of fracture time  𝜎𝐹: average strength; 𝑡?̅? : average strength;   
 
Fig. 4-9 summarizes the fracture toughness PDF results of the specimens with various thickness. 
The fracture toughness distribution of the specimen thickness below 500μm can be fitted well by the 
Gaussian function because of  the skewness around 0, but the specimen with thickness of 500μm 
turns to be fitted well by the Weibull function because of the skewness of about -0.48. Moreover, the 
average fracture toughness of the thickest one is higher than the other three thinner ones, turning to be 








L0 c TNK. v 𝑡?̅?  Δt α3 of  
𝑡𝐹  
𝜎𝐹 Δ𝜎𝐹 α3 of 
𝜎𝐹 
mm % m mm/min s s  MPa MPa  
4 59 100 45 46.50 4.72 -0.33 38.77 2.36 -0.09 
4 59 200 45 50.03 4.06 -0.16 37.55 1.96 -0.16 
4 59 400 45 50.90 4.77 -0.38 37.64 2.06 -0.45 
4 59 500 45 51.54 4.50 -0.61 42.20 2.10 -0.38 






Fig. 4-2: Probability density distribution of the fracture toughness at the tensile speed of 45mm/min 
with the thickness of 100µm, 200µm, 400µm and 500µm. Symbols denote the experimental data. 
 
 
The SAXS 2-D pattern images for the thickness dependence taken in the vicinity of the fracture 
cross section region are summarized in fig. 4-10. The tensile direction is horizontal. The pattern is 
rhombus for the thin ones with thickness of 100 m and 200 m, while is ellipse for the thickest one 
with thickness of 500 m. The shape for the one with thickness of 400 m seems to be intermediate 




bwtween rhombus and ellipse. These results imply the transition of the fractur type from ductile to 
quasi-brittle with the increasing of specimen thickness. 
 
   TNK.=100 m       TNK.=200 m       TNK.=400 m       TNK.=500 m 
Fig. 4-10: SAXS 2D-pattern results for the thickness dependence taken in the vicinity of the fracture 
cross section. The horizontal direction is tensile direction. 
 
The SEM and POM images taken in the vicinity of the fracture cross section region shown in 
fig.4-11 and fig. 4-12. The arrow direction is the tensile direction. The distinguishably different 
fracture images for the specimen with thickness of 200 m and 500 m was found. Homogeneous 
distribution of the cavities in the tensile direction was deserved on the overall deformed specimen 
surface. On the other hand, the craze perpendicular to the tensile speed in addition to the cavities along 
in the stretching direction were deserved overall thickest one surface. 
  
  
            TNK.=200 m                            TNK.=500 m        
Fig. 4-11: SEM images of the specimen with thickness taken in the vicinity of the fracture cross 
section. The arrow direction is tensile direction. 





(a) TNK.=200 m                           (b)  TNK.=500 m        
Fig. 4-12: POM images for the thickness dependence taken in the vicinity of the fracture cross 
section. The arrow direction is tensile direction. 
In summary, for the specimen with thin thickness, fracture behavior occurs as ductile fracure type 
with the homogeneous distribution of the cavities along the tensile direction; and the fracture time 
distribition turns to be fitted well by the Gauss funciton. On the other hand, the coexistance of the 
craze and cavities make the specimen break up as typical quasi-brittle fracture behavior; and the 




 Crystallinity dependence 
The PDFs of fracture behaviors (fracture time, fracture strength and fracture toughness) of the 
iPP specimens with different crystallinities of 59%, 64% and 70% at the elongation speed of 45 
mm/min are summarized in fig. 4-13, fig. 4-14 and fig. 4-15 separately. The stress-strain curves of a 
series of specimens with the different crystallinities consist of yielding and strain-hardening parts 
without necking region. The symmetric distribution of each fracture behavior of specimens with the 
crystallinity of 59% and 64% are all almost overlapped with similar minimum and average fracture 
behavior value, being fitted well by the Gaussian distribution with the skewness of all about 0 as 
shown in table 4. The asymmetric ones with crystallinity of 70% was inclined backward because of 
the negative skewness value of around -0.45, which can be fitted well by a derivative Weibull 
distribution. Moreover, the minimum value of the fractur behaviors of the specimen with the 
crystallinity of 70% are all smaller than the ones with lower crystallinities.  
 





Fig. 4-13: Probability density distribution of the fracture time at the tensile speeds of 
45mm/min with the crystallinity of 59%, 64% and 70%. Symbols denote the experimental 
data. 
   
Fig.4-14: Probability density distribution of the fracture time at the tensile speeds of 45mm/min 
with the crystallinity of 59%, 64% and 70%. Symbols denote the experimental data. 





Fig. 4-15: Probability density distribution of the fracture strength at the tensile speeds of 
45mm/min with the crystallinity of 59%, 64% and 70%. Symbols denote the experimental data. 
 
Table 4: Crystallinity dependence of fracture data. 
L0 c TNK. v 𝑡?̅?  Δt α3 of  
𝑡𝐹  
𝜎𝐹 Δ𝜎𝐹 α3 of 𝜎𝐹 
mm % m mm/min s s  MPa MPa  
4 59 200 45 50.03 4.06 -0.16 37.55 1.96 -0.16 
4 64 200 45 46.27 5.21 0.06 39.17 2.24 -0.03 
4 70 200 45 34.54 4.40 -0.44 35.87 2.18 -0.52 
L0: gauge length;  c: crystallinity;  TNK: thickness;  v: tensile speed;  α3: skewness;   










The SAXS 2-D pattern images for the crystallinity dependence taken in the vicinity of the fracture 
cross section region are summarized in fig. 4-16. The tensile direction is horizontal. The pattern is 
rhombus for the low crystallinity one (59%), while round ellipse for the high crystallinity one (70%). 
This result suggests that the void and/or micro-crazes appear homogeneously at low crystallinity iPP, 
whereas there are microscopically few these defects at high-crystalline iPP. According to the SEM 
images shown in fig. 4-17, quite numbers of long, slim and deep depth cavities homogeneously spread 
throughout the stretched surface in the vicinity of the fracture cross section of the specimen with low 
crystallinity can be detected. On the contrary, we found broad, short and shallow depth cavities and 
craze concentrated on localized region in the specimen with high crystallinity. Moreover, the cavities 
are spreading along the tensile speed, while the crazes are perpendicular to the tensile speed. The 
results also can be confirmed by POM results as shown in fig. 4-18. The cavities are homogeneous 
throughout the surface of specimen with low crystallinity. Comparatively smaller number of cavities 
appearing localized has been detected in the specimen with high crystallinity. 
The iPP with high crystallinity (70%) prevents the homogeneous deformation and concentrate 
the external load on the week position of the specimen. Thus, defects such as the cavities and crazes 
coexist in the localized region of the hard specimen with crystallinity of 70%, resulting that the fracture 
time distribution turns to be asymmetric derivative Weibull function. Moreover, the stress 
concentration causes the external tensile stress to be lower and leads to a fracture type of weakest-link 
process (chapter 1.1.4). Therefore, the specimen with low crystallinity of 59% and 64% can be 
considered to be ductile fracture, while the specimen with high crystallinity of 70% changes to be 
quasi-brittle fracture. 
 
      
           (a) 59%                        (b) 70%     
Fig. 4-16: SAXS 2D-pattern results for the crystallinity dependence taken in the vicinity of the 
fracture cross section. The horizontal direction is tensile direction. 





(a)    =                                                                  (b)     = 
Fig. 4-17: SEM micrographs of the stretched region surface in vicinity of the failed cross 
section of the specimen with the crystallinity of 59%(a) and 70%(b). The stretch direction is 




(a)    =                                                                  (b)     = 
 
Fig. 4-18: SEM micrographs of the stretched part surface in vicinity of the failed cross section 












The tensile speed dependence of the mean and standard deviation value of the fracture time 
obtained in the chapter 2, 3,4 are summarized in fig.4-19. The average fracture time of the specimen 
with crystallinity of 59% and 64% fall on the single line plotted against L0 ν⁄  as mentioned in fig.3-
2. The relationship can be described in equation 3-2. While, the average fracture time of the specimen 
with high crystallinity (70%) is slightly lower than the linear relation. This will be as the mechanical 
characteristics of the high crystalline PP is intrinsically different from those of conventional PP with 
crystalline of about 60%. On the other hand, there is linear proportionality between the standard 
deviation and the reciprocal of tensile speeds under various extrinsic and intrinsic conditions as shown 
in equation 3-2.  
 
  
                     (a)                                (b)   
Fig. 4-19: The tensile speed dependence of the average and standard deviation value of the 










Various intrinsic and extrinsic conditions dependence of the fracture behavior have been studied. 
Stochastic and structural analysis were utilized to characterize the nature of the tensile-fracture data 
scatter for iPP materials of transformation from ductility to quasi-brittleness. Data from over 100 
tensile tests showed a symmetric scattering and were analyzed using a Gaussian distribution to 
quantify the nature of the data scattering of ductile fracture; In contrast, an asymmetric scattering and 
were analyzed using a derivative Weibull distribution to simulate the nature of the data scattering of 
quasi-brittle fracture.  
The main experimental results are summarized as follows (1) increasing the tensile speed, the 
specimen breaks up as quasi-ductile fracture type. The fracture time distribution is fitted well by the 
asymmetric Weibull distribution, while the cavities spread throughout the deformed surface 
homogeneously. (2) Increasing the thickness or crystallinity, specimen break up as quasi-brittle 
fracture type, as the restricted tensile deformation; the coexistence of the craze and cavities cause the 
probability density distribution change to be asymmetric, being fitted well by the Weibull distribution. 
(3) . The average fracture time of the specimen with almost similar intrinsic property is proportional 
to L0 ν⁄ . The SD of the fractur time is proportional to 1 ν⁄   no matter the variance of the intrinsic 
and extrinsic conditions. (4) Toughness is an intrinsic characteristic that is independent of extrinsic 
condition (tensile speed), while it will be affected by the intrinsic factors (crystallinity). 
  




5. General conclusions 
The statistical analysis on the distribution of the fracture behavior of various kinds of material 
are playing an essential part in improving the safety usage of the products in the real life. Currently, it 
has been extensively applied for the material such as metal, glass, ceramics, fiber and other brittle 
material and so on. In this study, it has been focused on investigating the statistical fracture behavior 
of the ductile polymeric materials whose tensile deformation includes yielding and necking before 
fracture. The present work leads to the following conclusions. 
The first topics has been mentioned in chapter 2, talking about the mathematical characteristics 
of fracture behavior distribution. In this chapter, statistical analysis on the fracture behavior of melt-
crystallized isotactic polypropylene (iPP) specimen under a fixed elongation speed at 25 0C was 
investigated. The tensile tests were taken for over one hundred times. The statistical fracture data, 
including the time to fracture, the ultimate strength, fracture toughness (defined as the energy per 
volume, calculated as the area below the nominal stress-strain curve from the origin point to the 
breaking point) were obtained. The probability density distributions of statistical fracture data all 
followed symmetric normal Gaussian statistics. Based on a linear relationship between the stress and 
elongation time in the strain hardening region near the breaking point in the stress-time curve, a static 
Kalman filter system was applied to the fracture data probability density function for determining a 
conditional probability density function. Consequently, this result makes it possible to predict the 
probability density function of the creep fracture of iPP. 
The second topic has been mentioned in chapter 3, talking about the characteristics and prediction 
of the fracture behavior when the specimen break up as ductile fracture. In this chapter, the speed 
dependence of the statistical ductile fracture behavior (fracture time, strength, fracture toughness) of 
isotactic polypropylene solids at room temperature was investigated. Each tensile test was performed 
more than one hundred times, and the statistical fracture time behavior data were examined as a 
function of tensile speed . All probability density distribution curves of ductile fracture behavior were 
simulated well by Gaussian statistics. As the increasing of the tensile speed, the fracture time tended 
to decrease and proportional to the tensile speed, and the average strength increased slightly, whereas 
the fracture toughness was independent of the tensile speed. A mathematical entity of the fracture 
behavior was detected as the discovery of the analogy between the ductile fracture behavior of the 
polymer material and particle Brownian diffusion.  
The third topic has been mentioned in chapter 4, talking about the mathematical characteristics 
and structure analysis of the specimens which break up as ductile or quasi-brittle fracture. In this 
chapter, the ductile and quasi-brittle statistical fracture behavior of isotactic polypropylene solids 




under various intrinsic (crystallinity degree) and extrinsic (high tensile speeds and specimen thickness) 
conditions at room temperature was investigated. Tensile tests for each condition were performed 
more than one hundred times. Compared to the probability distribution curves of the ductile fracture 
behavior following Gaussian statistics that has been confirmed, the thicker, higher crystallinity 
specimens, tests at high tensile speeds showed a quasi-brittle typical facture. Their asymmetric 
probability distribution curves of fracture time, ultimate strength and fracture toughness were fitted 
not by Gaussian but by derivative Weibull distribution.  
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